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Determining the torque distribution ratio for electric bicycles with independently driven front and rear wheels is
important. Both wheels should be driven properly to ensure the safety of riders, and the slip ratio, which indicates the
slip state, should be the same for both wheels. In this paper, a method to determine the torque distribution by making
the slip ratios of both wheels equal is proposed. The validity of the proposed method is verified by simulations and
experiments.
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1. Introduction

Electric bicycles are eco-friendly vehicles because they do
not emit carbon dioxide in working. These two-wheeled ve-
hicles, however, are unstable compared with four-wheeled
vehicles. Beznos et al. proposed gyroscopic stabilization
control of two-wheeled vehicles (1). Yamakita et al. re-
ported automatic control of two-wheeled vehicles (2). In ad-
dition, there are many research to stabilize two-wheeled ve-
hicles (3)–(6). If two-wheeled vehicles can be made more sta-
ble, they will be more widely used. Friction force between
tires and road surfaces reduces with idling of wheels. There-
fore, idling of wheels is a factor that destabilizes two-wheeled
vehicles. The idling condition is represented by slip ratios.
Hence, slip ratio control systems have been developed (8) (9).
Another way to avoid slip is increment of driving wheels. By
increasing driving wheels, the driving force per wheel can
be decreased. Owing to this, the driving force of a wheel
becomes smaller than the maximum frictional force between
tires and road surfaces. Therefore, we developed an electric
bicycle, in which the front and rear wheels can be indepen-
dently driven.

The torque distribution ratio between the front and rear
wheels must be determined when the proposed two-wheeled
vehicle is driven. The torque distribution ratio is related to
each wheel’s slip ratio. Therefore, the slip ratio of each wheel
should be considered while determining the torque distribu-
tion ratio. A wheel’s excessive idling is avoided by equal-
izing the slip ratio of each wheel. In four-wheeled vehicles,
control systems exist for suppressing the difference between
the front and rear wheels’ slip ratios (10). Such systems are re-
alized by determining the torque distribution ratio using the
reaction force distribution ratio between the front and rear
wheels. The reaction force distribution ratio depends on the
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gravity point’s position and vehicle acceleration. However,
knowing the center of gravity point is difficult, because pos-
tures of riders and positions of baggage are difficult to know
in advance. In addition, almost no electric bicycles have ac-
celeration sensors. Obtaining correct data of a vehicle’s ac-
celeration by using low-resolution encoders is difficult.

In this paper, a torque distribution ratio control method is
proposed where slip ratios are equalized without knowing the
reaction force distribution and vehicle’s acceleration. In the
proposed method, a model of the slip ratio difference and the
torque distribution is described. The model’s parameters are
identified by the Kalman filter. Owing to this, the appropri-
ate torque distribution ratio can be determined even without
knowing the reaction force distribution and vehicle’s acceler-
ation. The slip ratio of each wheel is equalized by using the
appropriate torque distribution ratio estimated by using the
proposed method. In addition, Fujimoto et al. recently re-
ported that driving range of electric vehicles can be extended
with adequate torque distributions (11). Therefore, the pro-
posed method can also be contributed for the driving range
extension. The validity of the proposed method is confirmed
by simulations and experiments.

The organization of the present paper is as follows. A
model of the two-wheeled electric bicycle is shown in sec-
tion 2. A controller for the two-wheeled electric bicycle is
described in section 3. The performance of the proposed
method is discussed in section 4. Simulation results are pre-
sented in section 5, and experimental results are presented in
section 6. Section 6 concludes the paper.

2. Modeling

In this section, a model that relates the difference of each
wheel’s slip ratio and the torque distribution ratio is obtained
from the motion equations of two-wheeled vehicles. Figure 1
shows a vehicle model. All the parameters of the vehicle
are listed in Table 1, and the variables are defined in Ta-
ble 2. Note that the parameters related to COG positions,
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Fig. 1. Vehicle model

Table 1. Parameter of vehicle
M Mass [kg] 120.0
L Wheelbase [m] 1.05
L1 Distance from Center of Gravity to Front Wheel [m] 0.4
L2 Distance from Center of Gravity to Rear Wheel [m] 0.6
L3 Trail [m] 0.22
h Center of Gravity to Road Surface [m] 1.0
θ Caster Angle [deg] 61.0
J f Inertia of Front Wheel [kgm2] 0.12
Jr Inertia of Rear Wheel [kgm2] 0.12
r Wheel Radius [m] 0.35

Angle measurement resolution of wheel [mrad] 1.571

Table 2. Definition of variables
ω f Angular Velocity of Front Wheel [rad/sec]
ωr Angular Velocity of Rear Wheel [rad/sec]

Tsum Total Torque [Nm]
T f Motor Torque (front) [Nm]
Tr Motor Torque (rear) [Nm]
K Torque distribution ratio
F f Driving Force (front) [N]
Fr Driving Force (rear) [N]
N f Reaction Force (front) [N]
Nr Reaction Force (rear) [N]
Df Gradient of Friction Coefficient (front)
Dr Gradient of Friction Coefficient (rear)
μ f Friction Coefficient (front)
μr Friction Coefficient (rear)
λ f Slip Ratio (front)
λr Slip Ratio (rear)
V Vehicle Velocity [m/s]
Fd Running Resistance [N]

L1, L2, and h, are used only in a dynamics simulator while
the proposed controller does not require the parameters. The
front and rear wheels’ motion equations are given in (1) and
(2). Subscripts f and r represent the front wheel and the rear
wheel, respectively.

J f ω̇ f = T f − rF f · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (1)

Jrω̇r = Tr − rFr · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (2)

In this paper, inertial forces of wheels are assumed to be neg-
ligibly small, and Eqs. (1) and (2) are simplified as (3) and
(4).

T f � rF f · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (3)

Tr � rFr · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (4)

Motor torques of the front and rear wheels are decided by (5)
and (6). The total torque Tsum is distributed by torque distri-
bution ratio K.

T f = KTsum · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (5)

Fig. 2. Characteristic of friction coefficient

Tr = (1 − K)Tsum · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (6)

Reaction forces of front and rear wheels are shown in (7) and
(8), and are determined by using the expressions for force and
moments of balance.

Nf =
L2

L
Mg − h

L
MV̇ · · · · · · · · · · · · · · · · · · · · · · · · · · · (7)

Nr =
L1

L
Mg +

h
L

MV̇ · · · · · · · · · · · · · · · · · · · · · · · · · · · (8)

Dynamic friction forces are generated between tires and road
surfaces during driving. The driving forces are determined
using (9) and (10).

F f = μ f N f · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (9)

Fr = μrNr · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (10)

Front and rear wheels’ slip ratios in acceleration are defined
in (11) and (12). The slip ratio represents idling conditions
of the wheels.

λ f =
rω f − V

rω f
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (11)

λr =
rωr − V

rωr
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (12)

Relationships between the slip ratios and the friction coeffi-
cients are non-linear. An example of the relationship between
them is shown in Fig. 2. When the slip ratio is small, the rela-
tionships can be considered to be approximately linear. This
assumption is also used in other research (12). Owing to this,
relationships between slip ratios and the friction coefficients
are linearized as shown in (13) and (14).

μ f = Dfλ f · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (13)

μr = Drλr · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (14)

The vehicle’s motion equation is written as (15).

MV̇ = F f + Fr + Fd · · · · · · · · · · · · · · · · · · · · · · · · · · · (15)

Equation (16) is obtained from (3), (4), (5), (6), and (15).

V̇ =
Tsum

rM
+

Fd

M
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (16)

Equations (17) and (18) are obtained from (3), (9), and (13);
and (4), (10), and (14), respectively.

λ f =
T f

rDf Nf
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (17)

λr =
Tr

rDrNr
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (18)
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Normal forces are transformed into (19) and (20) by using
(7), and (16), and (8), and (16), respectively.

Nf =
L2

L
Mg − h

L

(Tsum

r
+ Fd

)
· · · · · · · · · · · · · · · · · · (19)

Nr =
L1

L
Mg +

h
L

(Tsum

r
+ Fd

)
· · · · · · · · · · · · · · · · · · (20)

The difference of the slip ratios is given in (21) obtained from
(5), (6), (17), and (18).

λ f − λr =
KTsum

rDf Nf
− (1 − K)Tsum

rDrNr
· · · · · · · · · · · · · · · (21)

Finally, the difference of the slip ratios is parameterized in
(22) by using (19), (20) and (21)

λ f − λr =
KTsum

A − BTsum
− (1 − K)Tsum

C + DTsum
· · · · · · · · · · · · (22)

where A, B, C, and D are defined by (23)–(26).

A =
Df r

L

(
L2Mg − Fdh

)
· · · · · · · · · · · · · · · · · · · · · · · · (23)

B =
Df h

L
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (24)

C =
Drr
L

(
L1Mg + Fdh

)
· · · · · · · · · · · · · · · · · · · · · · · · (25)

D =
Drh
L
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (26)

Equation (22) is a nonlinear equation. In this paper, (22) is
linearized by the Taylor expansion for Tsum as follows: [see
Appendix]

λ f − λr � Tsum(αK + βTsum + γ). · · · · · · · · · · · · · · · (27)

In this study, α, β, and γ are treated as unknown parameters
because mass, center of gravity, gradient of friction coeffi-
cient, and running resistance are variables, and actual values
are unknown. Equation (28) is obtained from (11) and (12).

λ f − λr =
Vω f − Vωr

rω fωr
· · · · · · · · · · · · · · · · · · · · · · · · · (28)

When V
rω f
� 1 is assumed, the difference of each wheel slip

ratio is approximately calculated by (29).

λ f − λr � ω f − ωr

max(ωr, ν)
· · · · · · · · · · · · · · · · · · · · · · · · · · (29)

When Eq. (29) is used, the signal-to-noise ratio is very poor
in the case of wr being very small. Hence, ν is introduced
to avoid zero division. ν was set as 0.01. In this study, the
difference of each wheel slip ratio data is obtained from (29)
without knowing vehicle velocity. Roll angle and steering an-
gle are not considered for simplifying the discussion but the
proposed method can be applied to a system with variation in
roll and steering angles with some modifications.

3. Kalman Filter

In this section, a method for identifying α, β, and γ by
using the Kalman filter is explained. The Kalman filter is
promising technique to identify system parameters (13)–(15). The
linear discrete-time state-space equations of the difference
of each wheel’s slip ratio are given in (30)–(36). u(k) and

n(k) are respectively a system noise vector and an observa-
tion noise. k represents discrete-time.

x(k + 1) = Ax(k) + Bu(k) · · · · · · · · · · · · · · · · · · · · · · (30)

y(k) = Cx(k) + n(k) · · · · · · · · · · · · · · · · · · · · · · · · · · · · (31)

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
1 0 0
0 1 0
0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (32)

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
1 0 0
0 1 0
0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (33)

C =
(

KTsum T 2
sum Tsum

)
· · · · · · · · · · · · · · · · · · · · · (34)

x =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
α
β
γ

⎞⎟⎟⎟⎟⎟⎟⎟⎠ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (35)

y = λ f − λr · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (36)

The Kalman filter consists of two steps. The first step is the
prediction step. In the prediction step, a pre-state estimate
vector x̂−(k) and a pre-error covariance matrix P̂

−
(k) are re-

spectively calculated by (37) and (38).

x̂−(k) = Ax̂(k − 1) · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (37)

P−(k) = AP(k − 1)AT + BQBT · · · · · · · · · · · · · · · · (38)

P and Q are respectively a posteriori error covariance ma-
trix and covariance matrix of u(k). The second step of the
Kalman filter is the filtering step. The Kalman gain vector
G(k), the state estimate vector x̂(k), and the posteriori error
covariance matrix P(k) are calculated using (39)–(41) in the
filtering step.

G(k) = P−(k)CT (CP−(k)CT + R)−1 · · · · · · · · · · · · · (39)

x̂(k) = x̂−(k) + G(k)(y(k) − Cx̂−(k)) · · · · · · · · · · · · (40)

P(k) = (I − G(k)C)P−(k) · · · · · · · · · · · · · · · · · · · · · · (41)

R represents the variance of the observation noise in (39).
The state estimation vector is updated in real-time by updat-
ing (37)–(41). Equation (42) is obtained from (27).

K =
λ f − λr

αTsum
− βTsum + γ

α
· · · · · · · · · · · · · · · · · · · · · · (42)

In order to satisfy λ f − λr = 0, K should be determined by
(43).

K = −βTsum + γ

α
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (43)

A block diagram of the proposed controller is shown in Fig. 3.

4. Discussion

The discussion about the performance of the proposed
method is given here. The proposed method was compared
with a feedback control system. The feedback control system
was a speed difference control system used for suppressing
the difference between the front and rear wheels’ slip ratios (16)

based on modal decomposition (17).
4.1 Feedback Control System The conventional
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Fig. 3. Block diagram of proposed controller

controller is explained here. Disturbance torques of each
wheel are described as Φ f and Φr, which are defined as (44)
and (45). The disturbance torques were estimated by a dis-
turbance observer (18).

Φ f = rF f · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (44)

Φr = rFr · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (45)

Equation (46) is obtained by (1), (2), (44), and (45).

ω̇ f − ω̇r =

(
T f

J f
− Tr

Jr

)
+

(
Φr

Jr
− Φ f

J f

)
· · · · · · · · · · · · (46)

Variables ė, δ, and Φ are defined by (47)–(49)

e = ω f − ωr · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (47)

δ =

(
T f

J f
− Tr

Jr

)
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (48)

Φ =

(
Φ f

J f
− Φr

Jr

)
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (49)

Then (46) is written as (50).

ė = δ −Φ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (50)

δ is calculated by (51).

δ = −Kpe + Φ̂ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (51)

Kp represents proportional gain. Here, Φ̂ is an estimate value
of Φ, which is calculated by disturbance observers of each
wheel. T f and Tr are determined by using (52) and (53),
which are obtained from (5), (6), (48), and (51).

T f =
J f Tsum − J f Jr(Kpe − Φ̂)

J f + Jr
· · · · · · · · · · · · · · · · · (52)

Tr =
JrTsum + J f Jr(Kpe − Φ̂)

J f + Jr
· · · · · · · · · · · · · · · · · · (53)

A block diagram of the conventional controller is shown in
Fig. 4.

Equations (50) and (51) yield the following equation.

ė(t) + Kpe(t) = −Φ(t) + Φ̂(t) · · · · · · · · · · · · · · · · · · · (54)

Equation (29) and eλ = λ f − λr yield

eλ(t) =
e(t)
ωr
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (55)

Fig. 4. Block diagram of conventional controller

with sufficiently large ωr. Then, (54) is transformed as fol-
lows:

ωrėλ(t) + (Kpωr + ω̇r)eλ(t) = −Φ(t) + Φ̂(t)

ėλ(t) +

(
Kp +

ω̇r

ωr

)
eλ(t) =

1
ωr

(−Φ(t) + Φ̂(t)) · · · · · (56)

Then, its steady state value is obtained by the final value the-
orem.

Eλ(s) =
1

s + Kp +
ω̇r
ωr

1
ωr

(−Φ(s) + Φ̂(s))

lim
t→∞ eλ(t)= lim

s→0

s

s+Kp+
ω̇r

ωr

1
ωr

(−Φ(s)+Φ̂(s)) · · · · · (57)

Therefore, when estimation errors of disturbance torque
1
ωr

(Φ − Φ̂) include s or higher order denominator polyno-
mials, steady state errors occur in the conventional method.
Note that disturbance observers can only estimate step dis-
turbances. As described in section 2, Φ f and Φr are not step
disturbances, e.g. friction coefficients μ f and μr dependent on
velocity, resulting in estimation errors and steady state errors.
As a result, to eliminate steady state errors by feedback con-
trollers, high feedback gains with high resolution sensors are
essential.
4.2 Proposed Control System In the proposed

method, slip ratio difference is not intended to converge to
zero but the parameters related to slip ratio difference are de-
termined by using the Kalman filter. As it can been found in
(23) and (25), perturbation of running resistance Fd, which is
a disturbance term in vehicle dynamics dimension, changes
A and B, and also α, β, and γ. In the derivation of the
Kalman filter, parameter perturbation is considered by the
system noise vector u(k). However, the actual covariance of
the system noise vector is unknown and it may deteriorate
robustness of the controller. Then, the effect of the modeling
errors of the system noise is discussed.

In steady state, P(k) = P(k − 1) = P−(k) = P∗ is estab-
lished. Therefore, Eqs. (32), (33), (38), and (41), yield the
following relation.

P∗ = (I − G(k)C)P∗ + Q

G(k)CP∗ = Q · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (58)

This equation clearly shows that G(k) is a constant matrix G∗
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called as the steady state Kalman gain. By substituting G∗

into (31), (32), (37), and (40), the dynamics in steady state is
obtained.

x̂(k) = x̂(k − 1) + G∗(Cx(k) + n(k) − Cx̂(k − 1))

x̂(k)= (zI−I+G∗C)−1(zG∗Cx(k)+zG∗n(k)) · · · · · · (59)

The above equation proofs that the steady state of the esti-
mate x̂(k) has no relation with the system noise u(k). Even
with poor sensors, modeling errors gradually decrease in the
proposed method thanks to time series data.

If low resolution sensors are equipped with the vehicle, de-
termination of the parameters takes too much time. How-
ever, once adequate parameters are determined, slip ratio dif-
ference is immediately canceled. In other words, there is
no phase delay of poles of controllers because the proposed
method is a kind of adaptive feedforward controller. The pro-
posed method makes up for the shortcoming of low resolution
sensors by using time series data with the Kalman filter.

5. Simulation

In this section, the validity of the proposed method is con-
firmed by simulations. The relationship between the slip ra-
tios and the friction coefficients was simulated by the Magic
Formula (19). The Magic Formula’s parameters were set as
those corresponding to a dry road surface. The simulation
conditions are given in Table 3. In this paper, t represents
time. In case of t < 10, Tsum was determined by using (60) in
the simulations.

Tsum(t) = 20 + 15
2∑

i=0

sin
(
3.14 × 2i−2t

)
· · · · · · · · · · (60)

In case of t > 10, Tsum was determined by using (61) in the
simulations.

Tsum(t) = 1.75 + 15
2∑

i=0

sin
(
3.14 × 2i−2t

)
· · · · · · · · (61)

5.1 Condition of Kalman Filter The update of the
Kalman Filter was started after 10 s from the beginning of the
simulation. The conventional feedback controller was per-
formed from the beginning of the simulation to 20 s. Then,
the controller was switched to the proposed control method
shown in (43) after 20 s.
5.2 Simulation Result The parameters used in the

simulation and experiment are given in Table 4. Because the
angle measuring resolution of wheels was not high enough,
1.571 mrad, the proportional gain and the cut-off frequency
of the disturbance observer cannot be high. Then, the pro-
portional gain and the cut-off were tuned to minimize track-
ing errors by trial and error. R was determined to be greater
than variance of sensing noises. In the simulations and ex-
periments, because α, β, and γ hardly varied, Q was set as a
zero matrix.

Time variation of the vehicle speed in the proposed method
is shown in Fig. 5. A slip ratio difference in the proposed
method is shown in Fig. 6, and that in the feedback controller
is shown in Fig. 7, respectively. The difference of slip ratios
in the proposed method was obviously smaller than that in
the feedback controller.

Equations (19) and (20) show that when the total torque is

Table 3. Simulation condition
Fd Running resistance [N] 5
Tp Physical simulation period [ns] 100

Table 4. Control parameter of simulation and experi-
ment

Kp Proportional Gain 1.2
gd Cut-off Frequency of Disturbance Observer [rad/s] 30
Tc Control Period [ms] 1
TK Update Cycle of Kalman Filter [ms] 200

P(0) Initial Error Covariance Matrix

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
10 0 0
0 10 0
0 0 10

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Q System Noise Covariance Matrix

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0
0 0 0
0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
R Observation Noise Covariance Matrix 0.1

x̂(0) Initial Estimate Vector
(

0 0 0
)T

Fig. 5. Vehicle speed in simulation

Fig. 6. Slip ratio difference in proposed method (simu-
lation)

Fig. 7. Slip ratio difference in conventional controller
(simulation)

large, the reaction force of the front wheel is reduced and the
reaction force of the rear wheel is increased. Therefore, when
total torque is large, torque distribution ratio should be small
because a wheel with small reaction force should not out-
put a large torque. Figure 8 shows the relation between the
torque distribution ratio and the total torque in the proposed
method. Figure 8 implies that the torque distribution ratio
was appropriately adjusted by the proposed method accord-
ing to the reaction force. We can summarize that the validity
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Fig. 8. Relation between total torque and torque distri-
bution ratio of proposed method (simulation)

Fig. 9. Experimental vehicle

Fig. 10. Situation of experiment

of the proposed method was confirmed by Fig. 6, Fig. 7, and
Fig. 8.

6. Experimental Result

In this section, experimental results are presented. The ex-
perimental system is shown in Fig. 9. The same setting pa-
rameters were used in the simulation. In the experiment of
the proposed method, the vehicle was supported by an exper-
imenter to prevent it from falling down. The experimenter
supported the handlebars from the lateral direction so as not
to affect any forces towards the vehicle’s running direction,
and ran with the bike at the same speed when the vehicle
moved as shown in Fig. 10. We could not prepare a long
straight road because of limitation of the experimental space.

Fig. 11. Slip ratio difference (experiment)

Fig. 12. Relation between total torque and torque distri-
bution ratio of proposed method (experiment)

Therefore, the duration of the experiments was shorter than
that of the simulations. Tsum was determined by using (62) in
these experiments.

Tsum(t) = 5 + 5 cos(t) · · · · · · · · · · · · · · · · · · · · · · · · · · · (62)

In the experiment of the proposed method, α, β, and γ were
estimated prior to the experiment of the slip ratio difference
control. The slip ratio difference control was conducted after
completing the estimation because sufficient data for param-
eter estimation was not obtained in a single experiment. Dur-
ing parameters estimation, the torque distribution ratio was
determined by using (63).

K(t) = 0.5 + 0.5 cos(2t) · · · · · · · · · · · · · · · · · · · · · · · · (63)

A slip ratio difference in the proposed method and the con-
ventional method are shown in Fig. 10. Steady-state er-
rors were found in the results obtained in the conventional
method. These errors could be attributed to the lamp dis-
turbances, which cannot be suppressed by disturbance ob-
servers. The difference of the slip ratio in the proposed
method was obviously smaller than that in the conventional
method as velocity-dependent parameters such as μ f and μr

were implicitly estimated.
The relation between the total torque and the torque dis-

tribution ratio of the proposed method is shown in Fig. 11.
Note that the phase of K was determined by β and the bias of
K was determined by α and γ. As we see in Fig. 11, the phase
of K was different from that in the simulation, indicating es-
timation errors of β. Because the total torque was very small
in the experiment, the reaction force hardly changed, making
difficult the estimation of β, which is dependent on Tsum.

However, even though ideal K was not determined, Fig. 10
shows the usefulness of the proposed method. Figure 12
shows an additional experimental result to help comprehen-
sion. In this experiment, K linearly changed, and its relation

228 IEEJ Journal IA, Vol.6, No.3, 2017



Determination of Torque Distribution Ratio for Electric Bicycle（Sho Sakaino et al.）

Fig. 13. Relation between torque distribution and slip
ratio difference

with the slip ratio difference was studied. Figure 12 shows the
dependency of the slip ratio difference on the torque distribu-
tion ratio. Figure 12 also shows if a wrong torque distribution
ratio was used, the slip ratio differed. This fact indicates that
K was almost correctly estimated because of the small slip
ratio difference, shown in Fig. 10. In other words, the bias of
K was correct and the variation of K had few effects on the
slip ratio difference because the variation of total torque was
small.

7. Conclusion

In this paper, a torque distribution ratio control method for
achieving the same slip ratio for both the front and rear wheel
without knowing the reaction force distribution and vehicle’s
acceleration is proposed. In the proposed method, a model
that represents the relation between the difference of each
wheel’s slip ratio and the torque distribution ratio was ob-
tained from motion equations of two-wheeled vehicles. Then,
the parameters were identified by the Kalman filter. As a re-
sult, the torque distribution ratio was appropriately adjusted
by the proposed method, and the validity was verified in the
simulation and the experiment. The proposed method can be
widely used, because the proposed method can also be ap-
plied to four-wheeled electric vehicles.
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Appendix

Equation (22) can be transformed as follows:

KTsum

A − BTsum
− (1 − K)Tsum

C + DTsum

=
KTsum

A

(
1− BTsum

A

)−1

− (1−K)Tsum

C

(
1+

DTsum

C

)−1

.

· · · · · · · · · · · · · · · · · · · (A1)

Usually, | BTsum

A | � 1 and |DTsum

C | � 1 can be assumed. Then,
Eq. (A1) is approximated as follows:

KTsum

A

(
1 +

BTsum

A

)
− (1 − K)Tsum

C

(
1 − DTsum

C

)

= −Tsum

C
+

(
1
A
+

1
C

)
KTsum +

D
C2

T 2
sum

+

( B
A2
− D

C2

)
KT 2

sum · · · · · · · · · · · · · · · · · · · · · · · (A2)

Because B
A2 and D

C2 are approximately equal, the fourth term is
neglected and finally the following linearized equation can be
represented by three terms. The linearized equation is shown
in (27).

λ f − λr � Tsum(αK + βTsum + γ) · · · · · · · · · · · · · · · (A3)

α =
1
A
+

1
C
, β =

D
C2
, γ = − 1

C
.
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