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Almost all motion control systems have low-stiffness parts, and exhibit resonance characteristics. In many cases, we
use the systems at a lower frequency range than the resonant frequency. However, in some cases, we have to use them
in the same frequency range as that of the resonance. Various researches have been conducted to suppress the vibration
of resonant systems with feedback controllers. They are very effective, but we need to design dedicated controllers
with special capabilities. On the other hand, a feedforward controller can change the zeros of the system, which in
turn suppresses the vibration. In this paper, two examples that demonstrate the effect of feedforward controllers are
introduced. They change the reference response of the systems and the limited pole placement method, which assigns
the representative poles precisely, is used to assist the effect.
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1. Introduction

Almost all motion control systems have low-stiffness parts;
for example, gears and ball screws are low-stiffness parts
of mechanical systems. These low-stiffness parts determine
the resonance characteristics of the system. In many cases,
we use systems in frequency areas lower than the resonance
frequency. In these cases, resonant characteristics are can-
celled by notch filters or simply ignored. However, in some
cases, we must use them in the same frequency area as the
resonance. Various studies have been performed on vibra-
tion suppression in resonant systems. Resonant ratio control
can change the resonance frequency to make the system ro-
bust (1)–(3). Modern control theory and H-infinity control theory
are remarkably effective in suppressing vibrations (4)–(6). The
use of phase shifters in high-frequency areas makes a system
robust despite the presence of several resonance modes (7) (8).
Additionally, two-degree-of-freedom (2DOF) controllers can
suppress vibrations with their feedforward controllers (9)–(11).
Although all of these controllers are highly effective, we
must design dedicated controllers with special functionali-
ties. However, a simple 2DOF proportional-integral- deriva-
tive (PID) controller can easily change the zeros of the ref-
erence transfer function, which can shape the reference re-
sponse. This is called the pole zero cancellation (PZC)
method (12), which is expected to suppress vibrations easily.

In this paper, two examples that show the effect of the feed-
forward controller are presented. The first example is a lens-
positioning control system for a mobile phone, which is a
spring- mass system in which the lens is held by springs. The
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second example is a servo system for a robot arm; this is a
two-mass resonant system in which the robot arm is linked
to a motor with a low-stiffness part. In both cases, the feed-
forward controllers can shape the reference response of the
system with PZC. However, if we apply the control system
to a digital system, digital delay for example, zero order hold
(ZOH) and calculation delay shift the poles of the system,
and the zeros cannot cancel the poles completely. There-
fore, the poles of the system should be assigned accurately,
even in a digital system. The limited pole placement (LPP)
method (13) (18), which has been proposed by the author, can as-
sign representative poles precisely. In this study, PZC with
the LPP method is investigated.

PZC is explained in Section 2. In Section 3, the lens- po-
sitioning control system of a mobile phone is discussed as an
example of a spring-mass system, LPP is explained, and the
effect of PZC with LPP is demonstrated. In Section 4, a semi-
closed control system of a robot arm is discussed as an exam-
ple of a two-mass resonant system, and it is demonstrated that
vibration can be suppressed by PZC, and it is realized by LPP
in a digital control system.

2. PZC

2.1 2DOF Control System Control systems use ref-
erence signals and plant outputs. Therefore, they can gener-
ally be drawn like the block diagram in Fig. 1(a). The out-
put of the controller, u, is generated from a reference signal,
r, and the plant output, y. The controller for a feedforward
path, C1, changes a reference transfer function. The con-
troller for a feedback loop, C2, determines the robustness of
the system. The two parts of the controller can change these
two properties. The controller C is called the 2DOF con-
troller and can be parameterized by two independent parame-
ters. Thus, we can design two properties independently (14) (15).
The block diagram in Fig. 1(a) can be modified to the block
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(a) General type (b) Feedforward type

Fig. 1. 2DOF control system

Fig. 2. 2 DOF PID control system

diagram in Fig. 1(b). The controllers in Fig. 1(b) are ex-
pressed by Eqs. (1) and (2).

C1 = CFF +CFB · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (1)

C2 = CFB · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (2)

There are many other possible modifications; for exam-
ple, filter-type and loop-type. The controllers can be trans-
formed to each other with the method described by Eqs. (1)
and (2) (16).
2.2 2DOF PID Controller The feedforward-type

2DOF controller for a PID control system is called the 2DOF
PID controller (16) (17). The block diagram of a motor position-
ing system is shown in Fig. 2. If α = β = 0, the controller
is equivalent to a conventional PID controller. The distur-
bance transfer function is expressed by Eq. (3) and the refer-
ence transfer function by Eq. (4).

Gyd(s)=
Gps

T0s3+(1+KpKdGp)s2+KpGps+KpKiGp

· · · · · · · · · · · · · · · · · · · · (3)

Gyr(s) =
Kp((1−β)Kd s2+(1−α)s+Ki)Gp

T0s3+(1+KpKdGp)s2+KpGps+KpKiGp

· · · · · · · · · · · · · · · · · · · · (4)

2.3 Effect of PZC If we set control parameters in the
system of Fig. 2 as Kp = 82.15, Ki = 100 and Kd = 0.003317,
the three poles of the closed loop are at −300 ± 0j rad/s. If
α = β = 0, the zeros of the reference transfer function are at
−150.7 ± 86.2j rad/s, respectively, according to Eq. (4). The
step reference response is shown by the dashed line in Fig. 3.
The step response of a conventional PID control system has
overshoot, which arises from the zeros. Therefore, we apply
PZC with the 2DOF PID controller. If we set α = 0.3333 and
β = 0.6650, the zeros are at −300 ± 0j rad/s, and two of the
three multiple poles are cancelled. The step response of the
2DOF PID control system is shown in Fig. 3 by the solid line.
There is no overshoot and the zeros shape the step response.

Next, we apply PZC to resonant plants. In both cases, the
PZC method works well if the poles are assigned accurately
with the LPP method.

3. Spring-Mass System

3.1 Lens-Positioning Control System In recent

Fig. 3. Step responses of a 2 DOF PID system

Fig. 4. Schematic of a lens-positioning control system

(a) Gain

(b) Phase

Fig. 5. Frequency characteristics of the plant

Fig. 6. Block diagram of the lens-positioning control
system (discrete)

years, image sensors for mobile phones have greatly im-
proved and autofocus systems have begun to be applied. In
such systems, the lens position is controlled to focus on the
image sensor. Figure 4 shows a diagram of a lens positioning
system (18), and Fig. 5 shows the frequency characteristics of a
plant with a resonance frequency of 60 Hz. Figure 6 is a block
diagram of this example. The sampling frequency is 10 kHz,
and the system has three sampling period delays. The digital
control parameters Kpz, az, bz, and cz are calculated using the
LPP method. (The feedforward controller is explained later
in subsection 3.3.)
3.2 The LPP Method The LPP method is used to cal-

culate the parameters of digital controllers. If a digital delay
exists, it increases the order of the control system. There-
fore, the controller cannot assign all of the poles of the sys-
tem, because it does not have a sufficient number of parame-
ters. The poles shift to oscillatory positions because the de-
lay introduces a phase lag. With the LPP method, the poles
are divided into two groups, the “assigned poles” and the
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“determined poles”. The assigned poles, whose number is
equal to the number of control parameters, are placed ex-
actly, whereas the position of the determined poles is calcu-
lated with the control parameters. The exact assigned poles
make the system’s response less oscillatory, and the deter-
mined poles indicate the effect of the delay with their posi-
tions. For example, if one of the determined poles is outside
the unit circle, it means that the delay makes the system un-
stable.

The discrete plant, which comes from the plant and the
zero- order holder, is expressed by Eq. (5).

P(z) =
n1z + n0

z2 + d1z + d0
· · · · · · · · · · · · · · · · · · · · · · · · · · · · ·(5)

where

n1 = 1.8879 × 10−3

n0 = 1.8761 × 10−3

d1 = −1.9799
d0 = 0.9813

The “fixed part” of the control system, which corresponds
to the discrete plant, the delay, and the fixed polynomial
of the controller, is expressed by Eq. (6). The “parameter
part”, which comes from the polynomials with control pa-
rameters, is expressed by Eq. (7). The characteristic polyno-
mial, γ(z), is expressed by the fixed part and the parameter
part in Eq. (8).

n(z)
d(z)
=

1
z − 1

1
z3

P(z)

=
1

z − 1
1
z3

n1z + n0

z2 + d1z + d0

=
b1z + b0

z6 + a5z5 + a4z4 + a3z3
· · · · · · · · · · · · · · · · · · (6)

β(z)
α(z)

= Kpz
z2 + bzz + cz

z + az

=
β2z2 + β1z + β0

α1z + α0
· · · · · · · · · · · · · · · · · · · · · · · · · (7)

γ(z) = α(z)d(z) + β(z)n(z) · · · · · · · · · · · · · · · · · · · · · · · (8)

If the order of the characteristic polynomial, nγ, is 7, and
the number of parameters is 4, then the number of the as-
signed poles, np, is 4, and that of the determined poles,
nq = nγ − np, is 3. The four assigned poles are denoted as
p1, p2, p3, and p4 and the three determined poles as q1, q2,
and q3. Therefore, the characteristic polynomial, γ(z), is ex-
pressed in Eq. (9).

γ(z) = (z−p1)(z−p2)(z−p3)(z−p4)(z−q1)(z−q2)(z−q3)

= (z4+P3z3+P2z2+P1z+P0)(z3+Q2z2+Q1z+Q0)

= Pp(z)(z3+Qp(z)) · · · · · · · · · · · · · · · · · · · · · · · · · · (9)

From Eqs. (8) and (9), the Diophantine equation for pole
placement is modified as Eq. (10), which is written as
Eq. (11) in matrix notation, where θT , E, and ψT are given
by Eqs. (12)–(14). The parameters and the determined poles
are derived from the equation θT = ψT E−1.

α(z)d(z) + β(z)n(z) − Pp(z)Qp(z) = z3Pp(z) · · · · · · (10)

θT E = ψT · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (11)

Table 1. Control parameters of the LPP method

Fig. 7. Positions of determined poles

θT =
[
α0 α1 β0 β1 β2 Q0 Q1 Q2

]
· · · · · · · · · · (12)

ψT =
[
0 0 0 P0 P1 P2 P3 1

]
· · · · · · · (13)

E =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 a3 a4 a5 1 0
0 0 0 0 a3 a4 a5 1
b0 b1 0 0 0 0 0 0
0 b0 b1 0 0 0 0 0
0 0 b0 b1 0 0 0 0
−P0 −P1 −P2 −P3 −1 0 0 0

0 −P0 −P1 −P2 −P3 −1 0 0
0 0 −P0 −P1 −P2 −P3 −1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

· · · · · · (14)

Table 1 shows the parameters of the digital controller. The
pole assignments are determined using the coefficient dia-
gram method (19) in a continuous system. The equivalent time
constant, τ, and the stability index, γi, define the characteris-
tic polynomials, and the poles can be calculated. The poles
are translated to the digital system by z = est. The parameters
and the determined poles are calculated using Eqs. (12)–(14).
Figure 7 shows the position of the determined poles on the
z-plane. The determined pole, q3, moves in the negative di-
rection, from z = −0.1552 at τ = 0.006 s to z = −0.7011 at τ
= 0.0023 s. When τ = 0.0022 s, the determined pole, q3, exits
the unit circle, which means that the system becomes unsta-
ble. In other words, τ = 0.0023 s is the bound of the stable
system.
3.3 Effect of PZC The closed-frequency characteris-

tic curves of the parameter set obtained from the LPP method
(τ = 0.006 s in Table 1) are shown in Fig. 8. The gain char-
acteristic, shown in Fig. 8(a), has a slightly notched curve at
40 Hz. Because the resonance frequency of the plant is close
to the zero-cross frequency of the system, the phase of the
controller must be advanced steeply at a slightly lower fre-
quency than the resonance frequency. This steep phase ad-
vance produces the notched shape in Fig. 8(a), which appears
to have an oscillatory step response to the reference.

Figure 9 shows the simulated step response. The dashed
line shows that the movement of the lens is oscillatory, which
is undesirable for an autofocus actuator. The feedforward
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(a) Gain

(b) Phase

Fig. 8. Closed-loop frequency characteristic curves

Fig. 9. Reference step response with and without the
feedforward controller (simulation)

controller is used to make the response smooth with the PZC
method. The dashed-line block in Fig. 6 is a feedforward con-
troller added to a conventional system. The reference transfer
function is expressed by Eq. (15).

G(z) =

(
Kpz

z2 + bzz + cz

(z − 1)(z + az)
− Kpz

dzz + ez

z + az

)
1
z3

n1z + n0

z2 + d1z + d0

1 + Kpz
z2 + bzz + cz

(z − 1)(z + az)
1
z3

n1z + n0

z2 + d1z + d0

=
Kpz((1−dz)z2+(bz+dz−ez)z+(cz+ez))(n1z+n0)

z3(z−1)(z+az)(z2+d1z+d0)+Kpz(z2+bzz+cz)(n1z+n0)
· · · · · · · · · · · · · · · · · · · · · · · (15)

The parameters dz and ez assign the zeros of the reference
transfer function. When the zeros are assigned at pz1 and pz2,
parameters dz and ez are calculated by Eqs. (16) and (17), re-
spectively.

dz = 1 − 1 + bz + cz

pz1 pz2 − (pz1 + pz2) + 1
· · · · · · · · · · · · · · · (16)

ez = pz1 pz2(1 − dz) − cz · · · · · · · · · · · · · · · · · · · · · · · · (17)

The assigned poles of τ = 0.006 s are at 0.9576 ± 0.055j
and 0.9591 ± 0.013j and the zeros are at 0.9826 ± 0.0249j.
The complex zeros at lower position than the poles create
the oscillatory step response. Therefore, the zeros should be
assigned at 0.9576 ± 0.055j to cancel the poles, and the pa-
rameters dz and ez are calculated from Eqs. (16), (17) as dz

= 2.1813 and ez = −2.1315. The step response is shown by
the solid line in Fig. 9, which is smoothed by the feedforward
controller.

Figure 10 displays the experimental data. Figure 10(a)
shows the step response without a feedforward controller.
The experimental data are oscillatory, in agreement with the
simulated data. Figure 10(b) shows a step response with a
feedforward controller. The response becomes smooth, simi-
lar to the simulated data.

(a) Without feedforward controller

(b) With feedforward controller

Fig. 10. Reference step response with and without a
feedforward controller

(a) General view

(b) Magnified view

Fig. 11. Reference step response of Tustin transform
and LPP method

Fig. 12. Block diagram of lens-positioning control sys-
tem with a feedforward controller (continuous)

3.4 Effect of LPP PZC provides a smooth step re-
sponse in a spring-mass system. Although it is important to
assign the zeros at the same position as the poles, it is rather
difficult to assign poles accurately in a digital control sys-
tem because of digital delay. The LPP method can assign the
representative poles accurately, considering the digital delay.
However, the Tustin transform, which is the most popular
method to translate a continuous controller to a digital con-
troller, cannot account for the digital delay. Step responses
are compared in Fig. 11 to show the influence of the digital
delay. The step response of the Tustin transform has an over-
shoot, as shown in Fig. 11(b). The step response is simulated
as follows. First, the control parameter set for the continu-
ous lens-positioning control system in Fig. 12 are derived as
Kp = 2.5477, a = 1478.2, b = 380.8, c = 99625, d = 0.8017,
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and e = 215.5 to assign the poles at −416.7 ± 573.5j and
−416.7 ± 135.4j, which correspond to τ = 0.006 s. The zeros
are assigned at −416.7 ± 573.5j to cancel two poles. Next,
the continuous controller is translated to the digital controller
by a Tustin transform, and the parameters are Kpz = 2.4181,
az = −0.8624, bz = −1.9617, cz = 0.9626, dz = 1.9276, and
ez = −1.8675. This parameter set gives the step response
in Fig. 11(b). The poles of the digital control system shown
in Fig. 6 with this parameter set are 0.9674 ± 0.0172j and
0.9670 ± 0.0719j, and the zeros are 0.9576 ± 0.0550j. This
shows that the zeros are set accurately; however, the poles
are shifted by the digital delay. Therefore, the zeros cannot
cancel the poles completely, which causes the overshoot in
Fig. 11(b). Conversely, the LPP method can assign poles ac-
curately and cancel them completely.

4. Two-Mass Resonant System

4.1 Robot-Arm Control System The second exam-
ple is a servo system for a robot arm, which is a two-mass
resonant system. Figure 13 shows the illustrations of two
robots. Figure 13(a) displays a conventional selective com-
pliance assembly robot arm (SCARA), and Fig. 13(b) shows
the robot used in this experiment, called a “full earthed and
balanced” (FEB) robot (20). Both robots have two arms. The
arm connected to the body of the robot is called the 1st arm
and that connected to the 1st arm is called the 2nd arm. The
two arms of the conventional robot interfere with each other
which limits the performance of the robot.

The 2nd arm of the FEB robot is modified to cancel this
interference. The 2nd arm has a counter-weight to set the
gravity center on the rotation center, and the motor of the 2nd

arm is set on the robot’s body to receive the reaction torque.
Therefore, the two arms of the FEB robot have no interfer-
ence and can be driven independently.

Figure 14 shows a servo system of the 2nd arm. The an-
gle of the motor, θm, is used for a feedback signal and a

(a) Conventional robot

(b) Full earthed and balanced (FEB) robot

Fig. 13. SCARA-type industrial robot

simple 2DOF PID controller is used. Figure 15 shows the
frequency characteristics of the plant. The 2nd arm has a res-
onance because its counter-weight is heavy, and it is moved
with a low-stiffness part. Therefore, the 2nd arm is a typical
two-mass resonant system. Its resonance characteristics are
derived from the measured data. If we ignore the resonance
and assume the system to be the one-mass system of Fig. 2,
then Gp = 71.07 and T0 = 0.2067 (dashed line in Fig. 15).

First, we calculate the control parameters with a direct
method, assuming that the system is the one-mass system
shown in Fig. 2. The poles and zeros are assigned mul-
tiples at −50 rad/s, −100 rad/s, −150 rad/s, −200 rad/s, and
−300 rad/s. Figure 16 shows the complementary sensitivity
functions of the servo system in Fig. 14 with each parameter
set. All systems are stable despite the resonance. However,
the reference response is not good. For example, the sim-
ulated position response of the parameter set for −200 rad/s
(Kp = 604.1, Ki = 66.7, Kd = 0.00496, α = 0.333, and β =
0.664) to a trapezoidal velocity curve is shown in Fig. 17(a),
with the positions of the motor and the arm. The latter is
oscillating owing to the resonance at approximately 15 Hz.

Next, we apply the PZC method to the system. The oscil-
lating pole is simulated as −2.76±101.18j. To assign the ze-
ros at the oscillating poles, α should be 0.9640, and β should
be −0.3121, according to the direct method and Eq. (4).
The simulated data shown in Fig. 17(b) demonstrate that the

Fig. 14. Servo system of the 2nd arm

(a) Gain

(b) Phase

Fig. 15. Frequency characteristics of the plant

Fig. 16. Complementary sensitivity functions

260 IEEJ Journal IA, Vol.8, No.2, 2019



Vibration Suppression by PZC using LPP Method（Yoshiyuki Urakawa）

(a) Multiple poles and zeros

(b) PZC method (zeros are assigned at oscillating poles)

Fig. 17. Simulated position response (continuous sys-
tem)

Fig. 18. Digital control system of the 2nd arm

(a) Gain

(b) Phase

Fig. 19. Open-loop frequency characteristics

oscillation disappears.
4.2 Digital System To confirm the effect of the PZC

method experimentally, we apply the PZC parameters to a
digital control system. The block diagram of the digital
control system is shown in Fig. 18. The sampling period
is 0.5 ms, and the system has one sampling period delay.
The open-loop frequency characteristics are shown in Fig. 19
(solid line). The simulated data of the continuous system
are also shown by the dashed line as a reference. The gain
and phase margin of the solid line is too small to operate in
the experimental setup. The simulated data of the continuous
system(dashed lines) have sufficient margin because there is
no phase delay in the high-frequency area. In other words,
the digital control system becomes unstable because of the
digital delay.

Therefore, we attempt to apply the LPP method to a dig-
ital servo system (Fig. 20). We assume the system to be a

Fig. 20. Digital control system for LPP

(a) Multiple poles and zeros

(b) PZC method (zeros are assigned at oscillating poles)

Fig. 21. Simulated position response (discrete system)

(a) 7000 encoder pulse (multiple) (b) 7000 encoder pulse (PZC)

(c) 13000 encoder pulse (multiple) (d) 13000 encoder pulse (PZC)

(e) 22000 encoder pulse (multiple) (f) 22000 encoder pulse (PZC)

Fig. 22. Reference response for trapezoidal velocity tra-
jectory

one-mass system similar to the continuous system. The pa-
rameters for −200 rad/s are Kp = 332.5, Ki = 61.7, Kd =

0.00571, α = 0.398, and β = 0.6756. The open loop fre-
quency characteristics are drawn in Fig. 19 (dash-dotted line).
The gain decreases, and the margins increase. The reference
response is plotted in Fig. 21(a), which shows that the oscilla-
tion is almost the same as in Fig. 17(a). The oscillating pole is
simulated as −2.49±98.60j. To cancel these poles, α should
be 0.9838 and β should be −0.1100. The simulated data are
shown in Fig. 21(b). The oscillation disappears, similar to the
continuous system in Fig. 17(b).

Next, the parameter set by PZC is applied to the experi-
mental setup. The error signals are shown in Fig. 22. The
error signal of the motor is calculated from the encoder data
and that of the arm from the measured data, obtained using
an eddy current position sensor at the target point. The mov-
ing distance is 7000 encoder pulses, 13000 encoder pulses,
and 22000 encoder pulses. The multiple zero assignments
and the zero assignments by PZC are compared. The ampli-
tude of the vibration differs according to the moving distance
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owing to the frequency component of the reference signals.
If the reference signal contains many frequency components
around the resonance frequency, the vibration increases sig-
nificantly. However, at each distance, the amplitude of zeros
assigned with PZC is obviously smaller. The parameter set
by the PZC method can suppress the vibration and the LPP
method enables the application of pole assignment in the ex-
perimental setup.

5. Conclusion

Vibration suppression by the PZC method is investigated.
A simple 2DOF PID controller is used for PZC to move zeros
of a reference transfer function. The PZC method is applied
to a spring-mass system and a two-mass resonant system to
suppress vibrations and is confirmed to be effective in both
cases. If we apply the PZC method to a digital control sys-
tem, accurate pole assignment is important. The LPP method
is also confirmed to improve accurate pole assignment in dig-
ital systems for PZC.

In this paper, the robustness of the vibration suppression
achieved by PZC are not discussed.
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