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This paper presents the design of an infinite-order disturbance observer (IFDOB) to suppress disturbances including
a periodic disturbance. An IFDOB includes the dynamics of a periodic disturbance to suppress it. However, a con-
ventional IFDOB finds it difficult to suppress disturbances in the low-frequency domain. In contrast, a disturbance
observer (DOB) can suppress disturbances in the low-frequency domain, however, it has difficulty suppressing a peri-
odic disturbance. Therefore, this paper proposes a designed IFDOB that can suppress both a periodic disturbance and
low-frequency disturbances. The proposed method is constructed by designing parameter γ of an IFDOB considering
sensitivity and complementary sensitivity functions. Simulations were conducted, and the validity of the proposed
method in a practical system was confirmed by experiments using a multi-axis manipulator.
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1. Introduction

In motion control system, robustness is necessary against
disturbances to realize precise motion, because the precise
motion of industrial machines improves quality of produc-
tions. Especially, for periodically working industrial ma-
chines, the robustness against an induced periodic distur-
bance is important in the industrial field. The periodic dis-
turbance is a serious problem because of including harmon-
ics in the motion control. Disturbances in the high-frequency
domain such as the harmonics are difficult to suppress.

In conventional studies, control methods have been widely
studied to suppress disturbances. In a linear control system,
the internal model principle is utilized to eliminate a dis-
turbance (1). Both proportional-integral-derivative (PID) con-
troller (2) and a disturbance observer (DOB) (3) are based on the
internal model of a disturbance to suppress. Thus, the inter-
nal model principle is effective and clear to design a linear
controller (4).

PID control is major control in the classical control theory.
Characteristics of PID control can be arbitrarily modified by
PID gains (5) (6). Implementation of PID control is simple, be-
cause the PID controller can be designed without a rigorous
model. However, PID control affects both performances of
trajectory tracking and disturbance suppression. Thus, per-
formances of trajectory tracking and disturbance suppression
cannot be independently designed by PID control.

The DOB is an observer to estimate disturbances affecting
a system (7). Especially, the acceleration controller realized by
the DOB is an effective control concept for motion control
systems (8). The acceleration controller realizes an ideal ac-
celeration response suppressing disturbances. In addition, the
acceleration controller can design performances of trajectory
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tracking and disturbance suppression independently. In DOB
design, performance of disturbance suppression and order are
determined by the Q-filter (9) (10). According to the Q-filter,
high-order DOBs have been studied by considering specific
frequencies (11). A periodic disturbance is usually compen-
sated by high-order DOBs by ignoring high-frequency har-
monics (12) (13). In contrast to the high-order DOBs, an infinite-
order disturbance observer (IFDOB) has been studied to sup-
press a periodic disturbance by considering all frequencies of
the periodic disturbance (14). However, the IFDOB is difficult
to suppress low-frequency disturbances when the fundamen-
tal frequency is in the low-frequency domain. In this paper,
the IFDOB is designed to suppress both the periodic distur-
bance and the low-frequency disturbances, and a designed
IFDOB is proposed. The order of the dynamics is defined by
the poles on the imaginary axis as

Zero − Order : s = 0

1st − Order : s = 0, jω1

2nd − Order : s = 0, jω1, jω2,

where ω1 and ω2 are angular frequencies.
This paper is organized as follows: In Section 2, DOB de-

sign based on the internal principle and modeling of a peri-
odic disturbance are described. Section 3 constructs and de-
signs the IFDOB on the basis of the sensitivity and comple-
mentary sensitivity functions. Section 4 shows simulations.
Finally, experiments using a multi-axis manipulator is shown
in Section 5.

2. Design of a Disturbance Observer Based on
the Internal Model Principle

2.1 Transformation of a Disturbance Observer
Disturbance suppression characteristic of a standard feed-

back system can be designed by the internal model principle.
Block diagram of a DOB is transformed into the standard
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Fig. 1. Block diagram of a disturbance observer

Fig. 2. Equivalent block diagram of Fig. 1

feedback system in this subsection. Figure 1 shows the block
diagram of the DOB. τe, θ, P, Q, re f , ,̇ n, and −1 denote
the external disturbance, angle, plant, designed Q-filter, ref-
erence value, time differentiated value, nominal value, and
inverse value, respectively. A controller of a feedback system
must include dynamics of a disturbance in order to eliminate
the disturbance on the basis of the internal model principle.
The block diagram shown in Fig. 1 is transformed into Fig. 2
to consider the DOB as the standard feedback system. Thus,
Fig. 2 shows the equivalent block diagram of the DOB. Then,

1
1−Q works as a controller of the standard feedback system.
Therefore, disturbance suppression characteristic of a DOB
is determined by designing 1

1−Q based on the internal model

principle. Poles of the equivalent controller 1
1−Q including

dynamics of a periodic disturbance is designed in Section 3.1.
2.2 Modeling of a Periodic Disturbance using Fourier

Series Expansion A periodic disturbance is modeled to
utilize for the controller design in this subsection. A periodic
disturbance fdis is expressed by Fourier series expansion as

fdis(t)=
a0

2
+

∞∑
n=1

(an cos(nω0t)+bn sin(nω0t)) , · · · · · (1)

where a0, an, and bn denote the Fourier coefficients. ω0 de-
notes the fundamental frequency. In order to obtain dynamics
of the periodic disturbance, (1) is Laplace transformed into

Fdis(s) = L−1 [
fdis(t)

]
=

1
s

a0

2
+

∞∑
n=1

(
an

s
s2+(nω0)2

+bn
nω0

s2 + (nω0)2

)
. · · · · (2)

The periodic disturbance includes an infinite number of poles
as infinite-order dynamics, because, the denominator of (2)
consists of s and s2 + (nω0)2. Thus, the equivalent controller

1
1−Q of a DOB must include the infinite-order dynamics ex-
pressed as

s = jnω0 (n = 0, ±1, ±2, . . .). · · · · · · · · · · · · · · · · · · (3)

The poles that must be included to eliminate a periodic dis-
turbance is thus obtained.

3. Design of an Infinite-Order Disturbance Ob-
server

3.1 A Controller Based on the Internal Model princi-
ple The IFDOB that can compensate the periodic distur-
bance is designed in this subsection. (3) shows dynamics of
the periodic disturbance. Thus, 1

1−Q is designed to include the
poles as

1
1 − Q

=
γ

1 − e−T s
, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (4)

where γ and T denote the design parameter and delay time,
respectively. Then, the characteristic equation expressed as

1 − e−T s = 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (5)

includes the infinite number of poles. (5) can be transformed
into

e j2nπ = e−T s (n = 0, ±1, ,±2, . . .). · · · · · · · · · · · · · · · (6)

By eliminating the exponential, (6) is expressed as

−T s = j2 mπ. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (7)

Thus, poles of (6) are obtained as

s = j
2nπ
T

(n = 0, ±1, ,±2, . . .). · · · · · · · · · · · · · · · · · (8)

From the above, the controller (4) includes an infinite num-
ber of poles. Since (3) and (8) are different, the delay time is
determined as

T =
2π
ω0
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (9)

in order to match (8) with (3).
3.2 Designed Infinite-Order Disturbance Observer
A designed IFDOB that suppresses both the low-frequency

disturbances and the periodic disturbance is proposed in this
subsection. The proposed method is constructed by designing
γ included by the equivalent controller (4). γ of the designed
IFDOB is determined as a PI controller multiplying 1 + gdis

s
and 2:

γ = 2
s + gdis

s
, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (10)

where gdis denotes the cutoff frequency. Thus, the proposed
controller is expressed as

1
1 − Q(s)

=
s + gdis

s
2

1 − e−T s
. · · · · · · · · · · · · · · · · · · · (11)

The designed Q-filter is derived form (11) as follows:

Q(s) = 1 − s
s + gdis

1 − e−T s

2
· · · · · · · · · · · · · · · · · · · · (12)

=
gdis

s + gdis
+

s
s + gdis

1 + e−T s

2
. · · · · · · · · · · · · · (13)
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Fig. 3. Bode diagrams of sensitivity functions. The pa-
rameters are ω0 = 100.0 rad/s, gdob = 1000.0 rad/s,
gcon = 1000.0 rad/s, and gdis = 1000.0 rad/s

Fig. 4. Bode diagrams of complementary sensitivity
functions. The parameters are ω0 = 100.0 rad/s,
gdob = 1000.0 rad/s, gcon = 1000.0 rad/s, and gdis =
1000.0 rad/s

3.3 Sensitivity and Complementary Sensitivity Func-
tions of the Designed Infinite-Order Disturbance Ob-
server This subsection describes sensitivity and com-
plementary sensitivity functions of the designed IFDOB, be-
cause a sensitivity function indicates robustness against dis-
turbances and a complementary sensitivity function indicates
robust stability and noise sensitivity. Sensitivity and com-
plementary sensitivity functions of the designed IFDOB are
expressed as follows:

Sensitivity:

Q(s) =
gdis

s + gdis
+

s
s + gdis

1 + e−T s

2
· · · · · · · · · · · · · (14)

Complementary sensitivity:

1 − Q(s) =
s

s + gdis

1 − e−T s

2
. · · · · · · · · · · · · · · · · · · · (15)

As the above, 1 − Q and Q are the sensitivity and comple-
mentary sensitivity functions in a DOB. Figures 3 and 4 show
Bode diagrams of the sensitivity and the complementary sen-
sitivity functions of the DOB and IFDOB. The DOB and the
conventional IFDOB use the Q-filter expressed as follows:

DOB:

Q(s) =
gdob

s + gdob
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (16)

Conventional IFDOB:

Q(s) =
gcon

s + gcon

1 + e−T s

2
, · · · · · · · · · · · · · · · · · · · · · · · (17)

where gdob and gcon denote the cutoff frequencies of the DOB

Fig. 5. Bode diagrams of sensitivity functions of the
conventional and designed infinite-order disturbance ob-
servers. The parameters are ω0 = 100.0 rad/s, gcon =
1000.0 rad/s, gdis = 1000.0 rad/s, and gt = 1000.0 rad/s

Fig. 6. Bode diagrams of complementary sensitivity
functions of the conventional and designed infinite-
order disturbance observers. The parameters are ω0 =
100.0 rad/s, gcon = 1000.0 rad/s, gdis = 1000.0 rad/s, and
gt = 1000.0 rad/s

and the conventional IFDOB, respectively. The sensitivity
and complementary sensitivity functions of the DOB (green
line) show high-pass and low-pass characteristics. Hence,
the DOB can suppress disturbances in the low-frequency do-
main However, it is difficult to suppress a periodic distur-
bance including harmonics. The conventional IFDOB (blue
line) shows an infinite number of band-stop filters. Hence,
the IFDOB can suppress a periodic disturbance, because it
has the band-stop filters at frequencies of a periodic distur-
bance. However, the IFDOB whose ω0 is at low-frequency
domain is difficult to suppress disturbances in low-frequency
domain. In contrast to the methods, the designed IFDOB
whose design parameter γ is set as 2 s+gdis

s (black line) shows
the combined characteristic of sensitivity function. The sen-
sitivity function has both a low-pass characteristic and an infi-
nite number of band-stop filters, and the complementary sen-
sitivity function has an infinite number of weak band-stop
filters. Therefore, the designed IFDOB realizes the best ro-
bustness to both low-frequency disturbances and a periodic
disturbance, however, the complementary sensitivity function
is the worst in the three methods.
3.4 Modification of the Designed Infinite-Order Dis-

turbance Observer The designed IFDOB γ = 2 s+gdis

s is
more robust than a DOB and the conventional IFDOB. How-
ever, noise sensitivity and robust stability are worsened by the
tradeoff of sensitivity and complementary sensitivity func-
tions. Thus, a low-pass filter is installed into (14) to modify
balance of the tradeoff as follows:
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Fig. 7. Block diagram of the control system used by the simulations and the experiments

Table 1. Parameters of the simulations
Parameter Description Value

Ts Sampling time 0.01 ms
T Delay time 2π

ω0
s

Jn Nominal inertia 0.0028 kgm2

Ktn Torque constant 1.18 Nm/A
Gr Gear ratio 1
KP Proportional gain 400
KD Derivative gain 40
ω0 Fundamental frequency 102 rad/s
gdob Cut-off freq.of the DOB 1000.0 rad/s
gcon Cut-off freq.of the conventional FDOB 1000.0 rad/s
gdis Cut-off freq.of the designed IFDOB 1000.0 rad/s
gt Cut-off freq.of the designed IFDOB 1000.0 rad/s

Sensitivity:

Q(s) =
gdis

s + gdis
+
gt

s + gt

s
s + gdis

1 + e−T s

2
· · · · · · · (18)

Complementary sensitivity:

1 − Q(s)

=
s

s + gdis

s
s + gt

+
s

s + gdis

gt

s + gt

1 + e−T s

2
, · · · · · (19)

where gt denotes the cutoff frequency. Figures 5 and 6 show
the Bode diagrams of the sensitivity and complementary sen-
sitivity functions of (14), (15), (18), and (19). The designed
IFDOB is modified that the infinite number of band-stop
filters of the sensitivity function is suppressed in the high-
frequency domain, and the low-pass characteristic is added
into the complementary sensitivity function. The designed
IFDOB has enough robustness to both low-frequency distur-
bances and a periodic disturbance. In addition, robust stabil-
ity of the designed IFDOB is ensured.

4. Simulations

The parameters used in the simulations are listed in Ta-
ble 1. The block diagram of the control system is shown in
Fig. 7, where KP, KD, J, Gr, Kt, cmd, Ia, and Icmp denote the
proportional gain, derivative gain, inertia, gear ratio, torque
constant, command value, input current, and compensation
current, respectively. The DOB, conventional IFDOB, and
designed IFDOB use the Q-filter (16), (17) and (18), respec-
tively. The command 0 was given, and the added disturbance
is given as

τe = sin(10t) +
20∑

k=1

k sin(k100t). · · · · · · · · · · · · · · · · · (20)

The disturbance consists of the low-frequency sin wave and

Fig. 8. Simulation results

Fig. 9. Added disturbance

Table 2. Angle error analysis of the simulation results

Root mean square error

DOB 9.18 × 10−3 rad
Conventional IFDOB 2.98 × 10−2 rad

Designed IFDOB 4.87 × 10−3 rad
Maximum angle error

DOB 6.67 × 10−2 rad
Conventional IFDOB 7.92 × 10−2 rad

Designed IFDOB 5.17 × 10−2 rad

the periodic disturbance to confirm both robustness against
the low-frequency disturbance and a periodic disturbance.
Figures 8 and 9 show waveform of the simulation results and
the added disturbance. The DOB and the designed IFDOB
could suppress the low-frequency sin wave differently from
the conventional IFDOB. Then, the designed IFDOB sup-
pressed the periodic disturbance more than the DOB. Root
mean square error and maximum angle error are calculated
as shown in Table 2. In addition, discrete Fourier transform
(DFT) results of the angle responses are shown in Fig. 10.
In the frequency domain, the conventional IFDOB and the
designed IFDOB suppressed the periodic disturbance. The
DOB and the designed IFDOB suppressed the low-frequency
disturbance. Thus, the best performance of root mean square
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Fig. 10. DFT results of Fig. 8 from 0.1 s to 0.5 s

Fig. 11. Experimental system

Table 3. Parameters of the experiments

Parameter Symbol Value (1st, 2nd, 3rd) Joint

Sampling time Ts 0.1 ms
Delay time Td

2π
ω0

s

Proportional gain KP (400, 400, 400)
Differential gain KD (40, 40, 40)
Motor inertia Jn (7.0, 3.0, 0.3) kgm2

Torque constant Ktn (0.59, 0.59, 0.238) Nm/A
Gear ratio Gr (192, 120, 80)
Length L (0.26, 0.27, 0.09) m
Fundamental frequency ω0 (3.08, 3.08, 3.08) rad/s
Cutoff freq.of the DOB gdob (300, 300, 300) rad/s
Cutoff freq.of the conventional IFDOB gcon (300, 300, 300) rad/s
Cutoff freq.of the designed IFDOB gdis (300, 300, 300) rad/s
Cutoff freq.of the designed IFDOB gt (300, 300, 300) rad/s

error and maximum angle error is achieved by the designed
DOB as shown in Table 2. Validity of the designed IFDOB is
confirmed.

5. Experiments

Experiments using a multi-axis manipulator were con-
ducted. The experimental manipulator is shown in Fig. 11.
The parameters used by the experiments are listed in Table 3.
The PD gains and the cutoff frequencies were determined

Fig. 12. Experimental results

Fig. 13. Error of x-axis in Fig. 12

Fig. 14. Error of y-axis in Fig. 12

by considering the tradeoff, which is relation between sen-
sitivity and complementary sensitivity functions. The control
parameters are determined to satisfy enough stability, and
the fundamental frequency was identified before the exper-
iments. Block diagram of the control system is shown in
Fig. 7. The DOB, conventional IFDOB, and designed IFDOB
use the Q-filter (16), (17) and (18). The command of the work
space is given as

xcmd = x0 − 0.05 cos(3t) · · · · · · · · · · · · · · · · · · · · · · · (21)

ycmd = y0 + 0.05 sin(3t), · · · · · · · · · · · · · · · · · · · · · · · (22)

where x, y, and 0 denote the x-axis value, y-axis value,
and initial value, respectively. The command for the mo-
tors in joint space is calculated from (21) and (22). Fig-
ure 12 shows the whole experimental result. Figures 13, and
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Table 4. Position error analysis of the experimental re-
sults

Root mean square error
X Y

DOB 3.40 × 10−4 rad 3.59 × 10−4 rad
Conventional IFDOB 4.58 × 10−3 rad 6.18 × 10−3 rad

Designed IFDOB 1.89 × 10−4 rad 2.09 × 10−4 rad
Maximum position error

X Y

DOB 2.33 × 10−3 rad 2.80 × 10−3 rad
Conventional IFDOB 2.17 × 10−2 rad 2.98 × 10−2 rad

Designed IFDOB 2.04 × 10−3 rad 2.45 × 10−3 rad

Fig. 15. DFT results of Fig. 13

Fig. 16. DFT results of Fig. 14

14 show the errors of Fig. 12 in x-axis and y-axis. In addi-
tion, root mean square error and maximum position error are
listed in Table 4. DFT results of Figs. 13 and 14 are shown in
Figs. 15 and 16. Robustness to low-frequency disturbances
and a periodic disturbance is confirmed in Figs. 15 and 16.
The designed IFDOB suppressed both a periodic disturbance
and low-frequency disturbances as shown in the analysis and
the simulation results. Figures 3 and 5 show the sensitivity
functions that indicate disturbance suppression characteris-
tics, and Fig. 10 shows DFT results of the simulations. The
experimental results show the same frequency characteris-
tics as show in the figures. The conventional IFDOB (blue
line) does not suppress the low-frequency disturbances, and
DOB (green line) does not suppress the periodic disturbance
enough. In contrast to them, the designed IFDOB (red line)

achieves better suppression of both the low-frequency distur-
bances and a periodic disturbance.

6. Conclusion

This paper proposed a designed IFDOB which can sup-
press both a periodic disturbance and low-frequency distur-
bance. The proposed method was constructed by designing
γ which is a design parameter of an IFDOB. The design is
based on the sensitivity and complementary sensitivity func-
tions. Robustness to disturbances including a periodic distur-
bance was improved. Practical validity was confirmed by the
experiments using the multi-axis manipulator. As for a fu-
ture work, the designed IFDOB will be applied to a resonant
system in order to extend the scope of applications.
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