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Currently, there is a need for precise motion control of industrial machines. For precise motion, it is important to
keep the motion robust against disturbances such as gravity or reaction force from the environment. Industrial machines
include flexible components such as gears and couplings, and they are modeled as a resonant system. Models express-
ing resonant systems are classified into lumped-parameter model and distributed-parameter model. Conventionally, the
control theory based on the lumped-parameter model has been widely researched because that model is easy to deal
with. However, the position which a disturbance acts on is limited to the generator or the lumped inertia of the load in
these methods. Therefore, there is a danger that the disturbance suppression performance may deteriorate in the case
that a distributed disturbance acts on the load. Here, the distributed-parameter model considering the position which a
disturbance acts on, is proposed based on the wave equation. Wave-based modeling can consider the spatial dynamics
of a disturbance. As a result, conventional disturbance suppression control is extended for the spatial dynamics.
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1. Introduction

Recently, high-speed and high-precise control of industrial
machines such as industrial robots has been needed to pro-
duce high quality and low-cost industrial products (1) (2). It
is necessary to drive these machines robustly against distur-
bances such as gravity or reaction force caused by an envi-
ronment (3). Therefore the robust control against disturbance
has been researched for a long time (4) (5).

Generally, industrial machines include many flexible ele-
ments such as gears and couplings (6). These machines are
modeled as a resonant system in control system design (7) (8).
Models of resonant system are divided into two types (9).
One is the lumped-parameter model and the other is the
distributed-parameter model (10) (11). In the industrial fields, the
lumped-parameter model is often utilized because the model
is simple and it is easy to deal with (12) (13). Therefore, the con-
trol theory based on the lumped-parameter model has been
widely researched (14) (15). Particularly, the robust control the-
ory against disturbance acting on the load in the lumped-
parameter model has advanced (16).

However, the position which a disturbance acts on is
limited in the conventional disturbance suppression control
based on the lumped-parameter model. Specifically, the po-
sition which a disturbance acts on is limited to the generator
such as the motor or the lumped inertia of the load. There-
fore, there is a danger that the performance of the disturbance
estimation and suppression deteriorates in the case that the
position which a disturbance acts on is different from the po-
sition of the inertia in the model, or the case that a distributed
disturbance acts on the load. It is necessary to utilize high
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order multi-mass system to improve the performance of the
disturbance estimation. However, the model becomes com-
plicated thereby and the control design becomes difficult.

Hence, this paper proposes the distributed-parameter
model that is considering the position that a disturbance act-
ing on to express the dynamics of the resonance system.
Based on the distributed-parameter model, the robust con-
trol against a disturbance which has the spatial dynamics is
achieved. By using the distributed-parameter model, a distur-
bance including the spatial characteristics can be modeled be-
cause it is possible to take the spatial dynamics into account
in the distributed-parameter model. In this way, the case that
a distributed disturbance acts on the load can be deal with.
As a result, the conventional disturbance suppression control
is extended regarding the spatial dynamics.

In this paper, the wave system is utilized as a distributed-
parameter model (9) (17). The wave system is expressed by the
wave equation (18) (19). The dynamics of the wave system is de-
scribed by the time delay element and it is possible to design
a simpler control system than the conventional multi-mass
system (20). The vibration suppression control is important
to achieve high-speed and precise motion control (21). In the
wave system, vibration suppression is achieved by the rejec-
tion of the reflected wave in a plant (9) (22).

Thus, a disturbance that has the spatial dynamics is defined
as a spatial disturbance in this paper and the control design
for the estimation and suppression of a spatial disturbance is
conducted. Firstly, the wave system which a spatial distur-
bance acts on is derived. Secondly, the reflected wave rejec-
tion, which is the effective vibration suppression technique
in the resonant system, is implemented. Thirdly, a controller
for the estimation and suppression of the disturbance is pro-
posed. Finally, the validity of the proposed control system is
verified through experiments.
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Fig. 1. Model of a multi-mass resonant system consid-
ering spatial disturbance

2. Modeling of Wave System Considering Spatial
Disturbance

In this section, the wave system under the consideration
of a spatial disturbance is modeled. Next, the disturbance
observer is implemented in the generator to suppress distur-
bances which act on the generator side (23) (24). The wave sys-
tem considering a spatial disturbance is derived by taking the
limit of the number of mass in the multi-mass system to infin-
ity. The multi-mass system is shown in Fig. 1. In Fig. 1, t, x,
Δx, n, L, fm(t), f dis(t), Mm, ©m, q, k, m denote the time, the
spatial coordinate, the length of the spring, nth mass, the en-
tire length of the load side of a multi-mass system, the force
generated by the motor, disturbance acting on the load side,
the inertia of the motor, a variable of the motor, the position
of a mass, the spring coefficient, the inertia of a mass, re-
spectively. The multi-mass system is composed of the motor
and masses of the load side and each mass is connected by
springs.

The motion equation of each mass is expressed as

Mmq̈m = fm(t) − k(qm − q(t,Δx))
...

mq̈(t, nΔx) = k(q(t, (n + 1)Δx)

−2q(t, nΔx) + q(t, (n − 1)Δx))

+ f dis(t)
(
u(x − xdis) − u(x − (xdis + Δx))

)
...

mq̈(t,NΔx) = −k(q(t,NΔx) − q(t, (N − 1)Δx)), · · · (1)

where u and xdis denote the step function and the coordinate
which disturbance acts on. Here, the boundary conditions are
expressed as

−k(qm − q(t,Δx)) = Mmq̈m − fm(t)

−k(q(t,NΔx) − q(t, (N + 1)Δx)) = 0. · · · · · · · · · · (2)

Then, a wave equation is derived by taking the limit of the
number of mass to infinity. Specifically, after dividing by Δx
in motion equations except those at boundaries (1), N → ∞
and Δx→ 0 are conducted in (1) and (2). In these conditions,
each variable is transformed as

ρ = lim
Δx→0

m
Δx
, κ = lim

Δx→0
kΔx, x = lim

Δx→0
n→∞

nΔx, c =

√
κ

ρ

δ(x − xdis) = lim
Δx→0

u(x − xdis) − u(x − (xdis + Δx))
Δx

,

· · · · · · · · · · · · · · · · · · · · (3)

where ρ, κ, c and δ denote the linear density, the spring coef-
ficient per unit length, the propagation velocity of waves and

Fig. 2. Wave system considering spatial disturbance

the delta function. Accordingly, the wave equation is derived
from (1) as

∂2q(t, x)
∂t2

= c2 ∂
2q(t, x)
∂x2

+
1
ρ

f dis(t)δ(x − xdis). · · · · · · (4)

In this paper, the resonant system described by the wave
equation is called the wave system. The disturbance observer
is implemented to the motor, then the boundary conditions of
the resonance system are derived from (2) as

q(t, 0) = qm

∂q(t, L)
∂x

= 0. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (5)

Then, the transfer function of the wave system is derived.
The initial conditions of the wave system are set as

q(0, x) = 0
∂q(0, x)
∂t

= 0. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (6)

By applying Laplace transformation, the boundary conditions
(5) and the initial conditions (6) to (4), the position of the load
is derived as

Q(s, x) =
e−

2L−x
c s+e−

x
c s

1+e− 2L
c s

Qm+
1√
ρκs

e−
L−x

c s−e−
L+x

c s

1 + e− 2L
c s

Fdis(s)

−1
κ

Fdis(s)r(x − xdis), · · · · · · · · · · · · · · · · · · (7)

where s, Q, Fdis and r denote the Laplace operator, the posi-
tion in Laplace domain, disturbance in Laplace domain and
the ramp function respectively. By substitute x = L in (7),
the tip position of the load is derived as

Q(s, L) =
2e−

L
c s

1 + e− 2L
c s

Qm +
1√
ρκs

1 − e−
2L
c s

1 + e− 2L
c s

Fdis(s)

−1
κ

Fdis(s)(L − xdis). · · · · · · · · · · · · · · · · · · · (8)

The wave system is shown in Fig. 2. In Fig. 2, Q̈re f denote
the acceleration reference. As shown in Fig. 2, the spatial dy-
namics of a disturbance is expressed by the proposed model.
In the wave system, waves are expressed as time delay ele-
ments.

3. Reflected Wave Rejection, Disturbance Esti-
mation and Disturbance Suppression

In this section, the vibration control method called the re-
flected wave rejection is implemented in the wave system.
By the implementation of the reflected wave rejection, the
wavesystem is transformed into the mere time delay element.
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Fig. 3. Reflected wave rejection in wave system

After that, a controller for the estimation and suppression of
the spatial disturbance is proposed. In the disturbance sup-
pression control, it is shown that the controller is equivalent
to the wave-based disturbance observer that was already pro-
posed (22). Finally, the whole control system is derived by the
combination of the reflected wave rejection and the controller
for the estimation and suppression of the spatial disturbance.
3.1 Reflected Wave Rejection The wave system is

one of the resonance system and has resonances. In the wave
system, a superposition of the traveling wave and the re-
flected wave causes vibration. Therefore, the reflected wave
rejection is effective to suppress vibration (9).

The reflected wave Qr f l in wave system is defined as

Qr f l = Qm − e−
L
c sQ(s, L). · · · · · · · · · · · · · · · · · · · · · · · · (9)

Here, the 1st resonant frequency ω1 is expressed as

ω1 =
c

2L
π. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (10)

In (10), L/c is derived by the identification of ω1 and (9) can
be implemented. Vibration caused from the acceleration ref-
erence to the tip position of load is suppressed based on the
reflected wave rejection as shown in Fig. 3. However, a dis-
turbance acting on the tip position should be eliminated by
other controllers.
3.2 Disturbance Estimation and Disturbance Sup-

pression The estimation and suppression of a disturbance
is needed to remain the system robust. The robustness of the
motor is guaranteed by the disturbance observer. On the other
hand, the robustness of the tip of the load is achieved by the
wave-based disturbance observer (22).

First, the load disturbance is defined. (8) is transformed as

(
1 + e−

2L
c s

)
Q(s, L) = 2e−

L
c sQm +

(
1√
ρκs

(
1 − e−

2L
c s

)

− L − xdis

κ

(
1 + e−

2L
c s

))
Fdis(s).

· · · · · · · · · · · · · · · · · · · · (11)

In (11), the load disturbance Qdis
l is defined as

Qdis
l =

(
− 1√
ρκs

(
1 − e−

2L
c s

)
+

L−xdis

κ

(
1+e−

2L
c s

))
Fdis(s).

· · · · · · · · · · · · · · · · · · · (12)

In this paper, disturbance Fdis(s) is assumed as a step force.

Fig. 4. Estimation of spatial disturbance

The validity of the assumption that disturbance has is a step
force is supposed in the end of the subsection. The time delay
element in (12) is expanded by the Taylor expansion and (12)
is transformed into

Qdis
l = −

2L
c − 1

2

(
− 2L

c

)2
s · · ·

√
ρκ

Fdis(s)

+

(
L − xdis

) (
2 − 2L

c s + · · ·
)

κ
Fdis(s)

≈ −
2L
c√
ρκ

Fdis(s) +
L − xdis

κ
2Fdis(s)

= − 2xdis

c
√
ρκ

Fdis(s). · · · · · · · · · · · · · · · · · · · · · · · · · (13)

Then, the spatial disturbance is derived as

Fdis(s) = −c
√
ρκ

2xdis
Qdis

l . · · · · · · · · · · · · · · · · · · · · · · · · · · (14)

Whereas, the load disturbance is expressed based on (11) and
(12) as

Qdis
l = 2e−

L
c sQm −

(
1 + e−

2L
c s

)
Q(s, L). · · · · · · · · · · · (15)

Hence, the load disturbance is estimated as

Q̂dis
l =

gwdob

s + gwdob

(
2e−

Ln
cn

sQm −
(
1 + e−

2Ln
cn

s
)

Q(s, L)
)
,

· · · · · · · · · · · · · · · · · · · (16)

where ©̂ and gwdob denote the estimated value and the cut-
off frequency of the low pass filter to reduce the influence
of the sensor noise, respectively. Load disturbance suppres-
sion and the estimation of the spatial disturbance are accom-
plished based on (14) and (16) as shown in Fig. 4. In Fig. 4,
disturbance suppression is achieved by the wave-based dis-
turbance observer which was proposed previously. On the
other hand, estimation of the spatial disturbance is conducted
by the compensation of the spatial dynamics. The validity of
the assumption about disturbance is supposed as follows. In
(13), the Taylor expansion is used and infinite number of Tay-
lor expansion terms are approximated by zero-order because
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Fig. 5. Whole control system

disturbance Fdis(s) is assumed to first-order and it is obvious
from the final value theorem that terms having first or more
order are not related to the steady-state error. If the better
performance of disturbance estimation and disturbance sup-
pression in transient response is desired, it is only necessary
to increase the order of approximation in Taylor expansion.
In addition, even if the disturbance is expressed as a higher-
order force, it can be dealt with by increasing the order of
approximation in Taylor expansion. Increasing the order of
approximation in Taylor expansion brings high-order term in
(14). However, it can be treated by same or higher order fil-
ter in wave-based disturbance observer. Therefore, the as-
sumption that disturbance is step force doesn’t compromise
generality.

Wave-based disturbance observer shown in Fig. 4 has al-
ready been proposed in previous researches (22). However, the
position which disturbance acts on is limited to tip of load in
the conventional wave-based disturbance observer. In flexi-
ble structure, it is needed to consider the position disturbance
acting on because influence of disturbance varies by distur-
bance acting point. In this research, disturbance acting point
is considered in observer shown in Fig. 4 as compensation
of spatial dynamics and it is possible to estimate spatial dis-
turbance. Therefore, force control and hybrid control based
on spatial disturbance will be achieved by proposed observer
and these researches will be conducted in future. On the other
hand, it may be possible to estimate spatial disturbance act-
ing on flexible structure by application of other lumped (19) or
distributed-parameter model based observer (25) (26). However,
the control structure will be complex because models using
in observer are very intricate. In proposed method, the con-
trol structure shown in Fig. 4 is simple and physical meaning
of each parameters are understandable. Therefore, it is easy
to tune control parameters and implementation isn’t difficult.
In this way, proposed observer has an advantage in the sim-

plicity of control structure.
3.3 Whole Control System By the proposed method,

the transfer function from the motor position to the tip posi-
tion is derived as

Q(s, L)
Qm

=

gwdob

s+gwdob
e−

Ln
cn

s +

(
gwdob

s+gwdob
e−

Ln
cn

s −
(
gr

s+gr

)2
e−

L
c s
)

gwdob

s+gwdob
+

(
gwdob

s+gwdob
e−

Ln
cn

s −
(
gr

s+gr

)2
e− L

c s
)

e−
Ln
cn

s
.

· · · · · · · · · · · · · · · · · · · (17)

As shown in (17), vibration suppression and disturbance
suppression is achieved when the reflected wave rejection
works enough (gr → ∞), the wave-based disturbance ob-
server works enough (gwdob → ∞) and the nominal parame-
ter of the propagation time of wave equals the real parameter
(Ln/cn = L/c).

The whole control system in which the proportional-
derivative controller is implemented as a position controller
is shown in Fig. 5. In Fig. 5, R(s), Qcmp

r f l , Qcmp
ldis , Kp and Kd

denote the position command, the compensation value gener-
ated in the reflected wave rejection controller, the compensa-
tion value generated in the wave-based disturbance observer,
the proportional gain and the derivative gain, respectively.
Disturbance suppression performance of the semi closed loop
control system against disturbance acting on the motor is bet-
ter than one of the full closed loop control system. Therefore,
the semi closed loop control system is composed in this pa-
per.

4. Analysis of Control System

Analysis of stability, fast response and robustness is con-
ducted through open-loop transfer function, sensitivity func-
tion and complementary sensitivity function. In Fig. 5, open-
loop transfer function Gpro

o is derived as
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Table 1. Parameters in analysis

Parameter Description Value

ω1 1st resonant frequency 133 rad/s
Ln
cn

Propagation time of wave 0.0118 s
Ma Mass of the load 8.00 ×10−4 kg m2

Kf Spring coefficient 5.75 N m
Kp Position gain 3000
Kd Velocity gain 110
Kr Reaction gain 4

Man
gpse Cut-off frequency in PD controller 3000 rad/s

Gpro
o =

Gw

(
Lw(1 + e−

2Ln
cn

s) − Lre
− Ln

cn
s
)

1 + Lr − 2Lwe−
Ln
cn

s
, · · · · · · · · · · (18)

where Gw, Lr, Lw and ©n denote plant expressed by wave
equation, low-pass filter in vibration suppression controller,
low-pass filter in disturbance suppression controller and
nominal value as shown

Gw =
2e−

L
c s

1 + e− 2L
c s
, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (19)

Lr =
gr

s + gr
, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (20)

Lw =
gwdob

s + gwdob
. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (21)

For the comparison, control system based on resonance ratio
control and load disturbance observer is used as conventional
method in this section (27) (28). In the conventional method,
open-loop transfer function Gcon

o is derived as

Gcon
o =

L2
wGwGmMans2

(
1
Kf
+ Kr

Kp

)

1 + LrGmKf (1 −Gw)
(

Kr
Kp
−

(
1
Kf
+ Kr

Kp

)
L2

w

) .
· · · · · · · · · · · · · · · · · · · (22)

where Gm, Kf , Kr, Kp and Ma denote motor with motor posi-
tion controller and DOB, spring coefficient of plant, reaction
force gain in vibration suppression controller, position gain
in motor position controller and mass of load. From (18) and
(22), stability analysis is conducted through gain margin and
phase margin. Then, analysis of fast response is conducted
through gain crossover frequency and phase crossover fre-
quency calculated from (18) and (22). In addition, sensitiv-
ity function and complementary sensitivity function are cal-
culated from (18) and (22). Then, disturbance suppression
performance and robust stability are analyzed. Parameters in
following analysis are set as shown Table 1.
4.1 Analysis of Stability and Fast Response Sta-

bility analysis of proposed control system and conventional
control system is conducted through gain margin and phase
margin of open-loop transfer function in proposed control
system Gpro

o and conventional control system Gcon
o . Next,

analysis of fast response is conducted through gain crossover
frequency and phase crossover frequency. Set of gain mar-
gin Gm, phase margin Pm, gain crossover frequency Wgm and
phase crossover frequency Wpm of open-loop transfer func-
tion are shown in Table 2. In these tables, ω1 denotes first-
order resonant frequency of plant.

In Table 2, cut-off frequencies in vibration suppression
controller gr and disturbance suppression controller gwdob are

Table 2. Stability analysis (gr = 50ω1, gwdob = 1.0ω1)

Method Gm [dB] Pm[deg] Wgm [rad/s] Wpm [rad/s]

Pro. 1.59 36.1 244 6027
Con. 0.670 19.3 229 1724

Fig. 6. Sensitivity function in conventional method
(gr = 50ω1, gwdob = 1.0ω1)

Fig. 7. Sensitivity function in the proposed method
(gr = 50ω1, gwdob = 1.0ω1)

set to 50ω1 and 1.0ω1, respectively. As shown in Table 2,
gain margin and phase margin in proposed method are big-
ger than one in conventional method. Therefore, proposed
method is superior in the view of stability. Moreover, gain
crossover frequency and phase crossover frequency of pro-
posed method are bigger than one in conventional method.
Therefore, proposed method is considered to has wider con-
trol bandwidth and be also superior in the view of fast re-
sponse.
4.2 Analysis of Disturbance Suppression

Performance Disturbance suppression performance is
analyzed through sensitivity function calculated from (18)
and (22). Sensitivity functions in conventional method are
shown in Fig. 6. Sensitivity functions in proposed method
are shown in Fig. 7. In Figs. 6 and 7, cut-off frequencies in
vibration suppression controller gr and disturbance suppres-
sion controller gwdob are set to 50ω1 and 1.0ω1, respectively.
In Figs. 6 and 7, nominal masses of load Man are set to Ma,
0.25Ma and 2.25Ma. The reason why several mass values are
set is to observe the influence of fluctuation of load mass.

As shown in Fig. 6, disturbance suppression performance
of conventional method in low frequency band can be seen.
However, there are several gain peaks in middle and high
frequency band because high-order dynamics such as high-
order resonance isn’t considered in conventional method. In
addition, disturbance suppression performance in low fre-
quency band is largely fluctuated by the fluctuation of load
mass and largely degrades in the case that nominal mass
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value is smaller than real mass value. On the other hand,
disturbance suppression performance of proposed method in
low frequency band is better than conventional method as
shown in Fig. 7. Disturbance suppression performance in
low frequency band isn’t so fluctuated by the fluctuation of
load mass and disturbance suppression performance is kept.
In addition, proposed method is robust against the fluctua-
tion of resonant frequency because gain of sensitivity func-
tion around resonant frequency degrades in proposed method.
Moreover, there are not so serious gain peaks in middle and
high frequency band even if mass of load fluctuates because
proposed method considers high-order dynamics of plant.
From the above, proposed method is superior to conventional
method in the view of disturbance suppression performance.
4.3 Analysis of Robust Stability Robust stability is

analyzed through complementary sensitivity function calcu-
lated from (18) and (22). Complementary sensitivity func-
tions in conventional method are shown in Fig. 8. Comple-
mentary sensitivity functions in proposed method are shown
in Fig. 9. In Figs. 8 and 9, cut-off frequencies in vibration
suppression controller gr and disturbance suppression con-
troller gwdob are set to 50ω1 and 1.0ω1, respectively. In Figs. 8
and 9, nominal masses of load Man are set to Ma, 0.25Ma and
2.25Ma.

As shown in Fig. 8, there are some gain peaks in comple-
mentary sensitivity function of conventional method. It is
serious problem that gain doesn’t decrease in high frequency
band. Therefore, it can be said that robust stability of conven-
tional method is not desirable. On the other hand, there are
also some gain peaks in complementary sensitivity function
of proposed method as shown in Fig. 9. However, gain de-
grades in high frequency band. In addition, the characteristics

Fig. 8. Complementary sensitivity function in conven-
tional method (gr = 50ω1, gwdob = 1.0ω1)

Fig. 9. Complementary sensitivity function in the pro-
posed method (gr = 50ω1, gwdob = 1.0ω1)

that gain decreases in high frequency band can also be seen
in the case that mass of load fluctuates. Therefore, it can be
said that robust stability of proposed method is largely better
than conventional method. In this way, proposed method is
superior to conventional method in the view of robust stabil-
ity.

5. Experiments

5.1 Experimental Setup Experiments of the tip po-
sition control were conducted to confirm the effectiveness of
the proposed controllers. In experiments, a direct drive motor
with a flexible arm was utilized. Flexible arm is assumed to
be a load. The motor position was obtained from an encoder
(resolution: 20 bit/rev) and the tip position was obtained from
a position sensitive detector and laser diode. A step distur-
bance was applied to the flexible arm by the linear motor at
1.7 s. The control was real-time one based on Linux OS with
Real Time Application Interface RTAI 3.7 (29). The experi-
mental system is shown in Fig. 10. For the comparison, the
controller based on the resonance ratio control and the load
disturbance observer was utilized as a conventional method
1 (27) (28). In addition, conventional wave-based disturbance ob-
server was also used as a conventional method 2 in the esti-
mation of spatial disturbance. In the position control, distur-
bance suppression control in the conventional method 2 and
proposed method are equivalent. Therefore, position control
results were compared between conventional method 1 and
proposed method. In experiments of position control, distur-
bance estimation was also conducted. In estimation of spa-
tial disturbance, conventional method 1 and 2 were compared
with proposed method. Parameters of experimental system
are shown in Table 3. Control parameters in conventional
method are shown in Table 4. Control parameters in pro-
posed method are shown in Table 5. The sampling time was
set to 50 μs.

Fig. 10. Experimental system

Table 3. Parameters of experimental system

Parameter Description Value

ωm 1st resonant frequency 133 rad/s
Kt Torque constant 1.18 Nm/A
Mm Mass of motor 2.90×10−3 kg m2

L Length of the load 3.00 ×10−1 m
ρ Linear density of the load 2.27 ×10−1 kg m2

xdis Position which disturbance acts on 0.7L
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Table 4. Control parameters in conventional method

Parameter Description Value

ωmn Nominal 1st resonant frequency ωm

Ln Nominal length of the load L
ρn Nominal linear density of the load ρ

Kp Position gain 3000
Kd Velocity gain 110
Kr reaction force gain 333
gpse Cut-off frequency in PD controller 3000 rad/s
gdis Cut-off frequency of DOB 3000 rad/s
grfob Cut-off frequency of RFOB 3000 rad/s
ga Cut-off frequency of load disturbance observer 40.0 rad/s

Table 5. Control parameters in the proposed method

Parameter Description Value

ωmn Nominal 1st resonant frequency ωm

ω2mn Nominal 2nd resonant frequency 5.50 ωmn

Ln Nominal length of the load L
ρn Nominal linear density of the load ρ

xdis
n Nominal position which disturbance acts on xdis

Kp Position gain 3000
Kd Velocity gain 110
Kr reaction force gain 333
gpse Cut-off frequency in PD controller 3000 rad/s
gdis Cut-off frequency of DOB 3000 rad/s
grfob Cut-off frequency of RFOB 3000 rad/s
gwdob Cut-off frequency of wave-based disturbance observer 14.4 rad/s

Fig. 11. Experimental results of conventional method 1

Fig. 12. Experimental results of the proposed method

5.2 Experimental Results Experimental results of
tip position control are shown in Figs. 11 and 12. Figure 11
shows the result of the position control in the conventional
method 1. Figure 12 shows the result of the position control
in the proposed method. As shown in Fig. 11, steady-state er-
ror of the tip position occurred in the conventional method by
the spatial disturbance. The reason why steady-state error oc-
curred is considered as follows. In the flexible arm utilized in
experiments, there is a difference between the spring constant
from motor to the tip position and the spring constant from
motor to the position which disturbance acts on. Since the
spring constant from motor to the position which disturbance

Fig. 13. Experimental results of disturbance estimation

acts on can’t be identified in advance, then the spring con-
stant from motor to the tip position was set to nominal value.
Similarly, mass of load was set as a value from motor to
the tip position in the same way. As a results, these mod-
eling error caused steady-state error. In contrast, as shown in
Fig. 12, the tip position was robust against the spatial distur-
bance and converged the command value in the steady-state.
However, the tip position fluctuated in the transient response
because wave-based disturbance observer causes vibration.
The reason why vibration causes in the beginning of con-
trol is considered that damping didn’t exist in control system
and inverse phase driving was conducted against vibration at
high speed after sensing vibration in tip position. In the re-
sults of disturbance estimation shown in Fig. 13, conventional
method 1 and 2 can’t estimate the spatial disturbance be-
cause the spatial dynamics wasn’t considered in these meth-
ods. On the other hand, disturbance was estimated enough
in the steady-state by the proposed method. However, esti-
mation value fluctuated in the transient response because of
the approximation in (13) and viscous friction. The estimated
force didn’t match to 0 in the initial-state because of the influ-
ence of static friction. Thus, the effectiveness of the proposed
method was verified through experiments.

6. Conclusions

A disturbance estimation and suppression control against a
disturbance that has the spatial dynamics based on the wave
system was proposed. On the model of the resonant system,
the position which a disturbance acting on is limited in the
conventional lumped-parameter model. Therefore, it is dif-
ficult to consider the point a disturbance acting on strictly
or the case that a distributed disturbance acts. Hence, the
modeling based on the wave system which is a kind of the
distributed-parameter model was conducted. In this way, the
spatial dynamics of a disturbance could be considered. The
reflected wave rejection, which is a vibration control method
in the wave system was implemented because the vibration
control is needed in the control of the resonant system. Fur-
thermore, the control system for the estimation and suppres-
sion of a spatial disturbance was proposed. Here, the control
system for a spatial disturbance suppression was equivalent
to the wave-based disturbance observer that was already pro-
posed. Finally, the validity of the proposed control system
was verified by experiments.
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