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The in-circuit test is performed by pushing a needle-type probe into the printed circuit board (PCB) and measuring
the conductivity between the electronic components. To reduce the testing time and improve the test reliability, a swift
and stable motion of the probe is required, especially when the probe touches the surface of the PCB. Instead of the
conventional method involving the use of a force sensor, this study investigates the application of a micro electronical
mechanical systems accelerometer to realize the quick contacting motion. The detection of the contact instant is eval-
uated by the jerk signal from this device. Subsequently, a negative force is added to the probe and the proposed force
control based on acceleration aided Kalman filter and reaction force observer is applied. The experimental verification
indicates that the settling time is reduced to approximately 10 ms and this corresponds to nearly 1% of the comparison
data based on the existing technique.
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1. Introduction

In-circuit tests are conducted for quality checking of
printed circuit board (PCB) during their manufacturing pro-
cess, to guarantee high reliability of the final products (1).
Probing systems with flying probes, in which a set of con-
ductive needles is automatically positioned on test points of
the device under test, are gaining importance in the in-circuit
tests (2)–(4), thanks to their flexibility. In Ref. (2), a flying probe
test circuit was designed to test the voltage of the probe resis-
tance and pressure in real time. In Ref. (3), the minimum cost
path of the probe was proposed to shorten the test time. Posi-
tion control is usually applied in the probing systems and the
test time can be reduced by moving the probes at high speed.
However, contact oscillations are sometimes generated when
the tip of a probe touches a test point of a PCB (printed circuit
board) with high speed. The impact force and the oscillations
may damage the soldering point and make the quality of the
products worse. In Ref. (4), a probing system, which consists
of a combination of a macro actuator and a micro actuator,
makes use of a contact control strategy, aimed at reducing the
impact force and the oscillation. However, the two actuators
need to be controlled in a coordinated way and the system is
complex.
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Impact force control is also very important in other applica-
tions (5) (6). In Ref. (5), a contact control for quick and smooth
motion was proposed. The impact force and settling time
were reduced by the braking motion and integral proportional
force control. In Ref. (6), the impact force which is applied
to a humanoid robot was suppressed by controlling the arm
motion.

In all the systems mentioned above, a force sensor is used
to detect and control the impact force. However, a large force
sensor has disadvantages, such as some weakness against the
impact force and it is also expensive. As a force sensorless
system, reaction force observer (RFOB) has been proposed
which can estimate the contact force without a force sensor (7).

A low pass filter (LPF) is applied to the RFOB output in
order to reduce the measurement noise. Therefore, it is diffi-
cult for the RFOB to detect a very short time lasting impact
force. In this study, a micro electronical mechanical systems
(MEMS) accelerometer is used to detect the impact instant.
Additionally, the accelerometer is used to improve the perfor-
mance of the RFOB, the latter providing an estimate of the
contact force, to be used in replacement of the actual mea-
surement provided by a force sensor. The MEMS accelerom-
eter is inexpensive and very compact.

Many researchers have proposed the use of accelera-
tion measurement in a RFOB (8)–(10). In particular, R. Oboe
and D. Pilastro proposed a RFOB with acceleration-aided
Kalman filter (aaKF) (10). The aaKF can accurately estimate
the position, velocity, and acceleration, even in presence of
bias in measured acceleration. In their proposed solution, a
disturbance observer (DOB) and a RFOB (7) are used in the
control, with the RFOB in charge of the estimates of the re-
action forces, arising from the contact with the environment.

We published the force control part for probing systems
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Fig. 1. Probing system

using combination of the aaKF and the RFOB in Ref. (11)
and Ref. (12). This paper will elaborately describe the de-
tailed analysis of the control technique. The proposed con-
troller can be categorized in the following 5 stages.
Stage 1: PD position control before the contact
Stage 2: Impact detection
Stage 3: Negative force application
Stage 4: Hold mode
Stage 5: Force control based on aaKF and RFOB

The difference from Ref. (11) and Ref. (12) is as shown be-
low:
• The mass of the mover of the linear motor was reduced

by hardware modification.
• The friction force was reduced by hardware modifica-

tion.
• The resonance frequency of the MEMS accelerometer

becomes very high.
These improvements affected the control performance and
better experimental data were obtained.

Experiments were conducted to validate the new proposed
system and strategy, proving its effectiveness in achieving
fast and precise force settling at the probe tip. Additional
discussions are described in this paper.

This paper is organized as follows: Section 2 describes the
modeling of the probing system for in-circuit testing. Sec-
tion 3 explains the proposed fast force control in 5 stages.
Experimental results are shown in Sect. 4. Discussions are
reported in Sect. 5, and Sect. 6 concludes this paper.

2. Modeling of Probing System

This section describes the dynamic model of the probing
system. Figure 1 shows the probing system in this study,
which consists of a linear motor, a contact probe, a position
encoder, and a linear MEMS accelerometer. It is worth notic-
ing that the probe tip is connected to the mover of the linear
actuator through a spring. The motion equations of the mover
and the probe are as follows:

Mm ẍm = KtI − Fspr · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (1)

Mp ẍp = Fspr − Fenv · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (2)

where M and x denote mass and position. The subscript “m”
and “p” mean the mover and the probe. Kt and I denote the
thrust constant of the linear motor and the driving current, re-
spectively. Fenv is the force arising from the contact with the
environment. Fspr denotes the elastic force generated by the
joint spring, which is calculated as

Fspr = Kspr

(
x0 −
(
xp − xm

))
. · · · · · · · · · · · · · · · · · · · · · (3)

where Kspr and x0 denote the elastic coefficient and the rest
length of the spring, respectively. As shown in Eq. (1) and
Eq. (2), this probing system is one of two-mass systems (13) (14).

(a) No contact condition.

(b) Impact detection.

(c) Contact condition.

Fig. 2. Three conditions in probing operation

3. Fast Force Control

As mentioned in the introduction, we developed a new con-
trol strategy for probing systems in order to control the con-
tact force instantaneously. Figure 3 shows the block diagram
of the control system. x̂cmd and F̂d denote position command
on no contact condition and desired contact force, respec-
tively. s denotes Laplace operator. The symbols with “ ˆ ”
refer to the estimated values. The superscript “ref” means
reference. The subscript “n” means nominal value. A DOB
is used to achieve robust motion control (7), while the RFOB
is used to estimate the environmental force. F̂dis and F̂env are
disturbance force estimated by the DOB and environmental
force estimated by the RFOB. The details of the DOB and
the RFOB are described in Appendix 1. The fast force con-
troller block calculates the acceleration reference ẍref .
3.1 Calculation in Fast Force Controller This sub-

section describes the calculation in the fast force controller.
The contact operation can be divided into three conditions as
shown in Fig. 2: no contact condition, impact detection, and
contact condition. The acceleration reference ẍref is changed
on each condition. The proposed control is categorized in 5
stages which are shown in the introduction.

Stage 1: Before the probe makes contact with the envi-
ronment, a PD position control is applied. The acceleration
reference is calculated as

ẍref = Kp

(
xcmd − x̂m

)
+ Kv

(
ẋcmd − ˆ̇xm

)

when t < tc · · · · · · · · · · · (4)

where Kp and Kv are PD control gains. ẋcmd and tc denote the
velocity command and the impact detection time.

Stage 2: The impact detection is conducted using the sig-
nals estimated by the aaKF. Before the contact, the probe is
controlled in a forward direction, therefore the velocity is a
positive value.

ˆ̇xm > 0. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (5)

When the probe makes contact with the environment, im-
pact force occurs. Due to this impact force, the acceleration
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Fig. 3. Block diagram of control system

rapidly changes. Hence, the jerk signal which can be derived
by differentiating the acceleration become large in a short pe-
riod. The constraint of the jerk signal

.̂..
x m can be expressed

as
∣∣∣.̂..x m

∣∣∣ > ȧth · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·(6)

where ȧth is threshold value which is experimentally deter-
mined. The aaKF can reduce the measurement noise. There-
fore, the jerk derived by differentiating the acceleration es-
timated by the aaKF has less noise than the jerk derived by
differentiating the measured acceleration. The impact is de-
tected using Eq. (5) and Eq. (6).

The RFOB can estimate the contact force. However, a LPF
is usually applied to reduce the effect of the measurement
noise. This LPF cut off the impact force, therefore the RFOB
cannot detect the impact definitely.

Stage 3: After the contact detection, a negative constant
force is applied in a short time to decelerate the mover. The
value of the negative constant force is decided in terms of en-
ergy consumption. When the probe makes contact with the
environment, the probe moves at a velocity vc as shown in
Fig. 2(b). The kinetic energy Ek can be calculated as

Ek =
1
2

Mmvc
2. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (7)

In this paper, the mass of the contact probe Mp is much
smaller than the mass of the mover, therefore, the kinetic en-
ergy of the probe is ignored. After the impact detection, the
negative constant force −Fc decelerates the mover motion.
The energy loss by −Fc is calculated as

El = −FcΔx · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (8)

where Δx denotes the displacement from the contact detected
position to the stop position. From Eq. (7) and Eq. (8), Eq. (9)
can be derived.

Ek + El =
1
2

Mmvc
2 − FcΔx = 0. · · · · · · · · · · · · · · · · · · (9)

The velocity becomes zero after the negative force is applied.
Therefore Eq. (10) can be obtained.

vc + ats = 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (10)

where a denotes deceleration caused by −Fc which is calcu-
lated as

a = − Fc

Mm
. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (11)

ts is the time when the mover stops. Solving Eq. (9) and
Eq. (10) into Fc and ts yields

Fc =
Mmv

2
c

2Δx
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (12)

ts =
2Δx
vc
. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (13)

When the mover stops, the probe pushes the environment
with a desired force Fd to keep the contact. The pushing force
is applied by the elastic force of the joint spring, therefore Δx
is calculated as

Δx =
Fd

Kspr
. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·(14)

From Eq. (12) and Eq. (14), the acceleration reference in the
deceleration mode can be calculated as

ẍref = −Ksprv
2
c

2Fd
when tc ≤ t < tc + ts. · · · · · · · · · · (15)

Stage 4: After ts from the impact detection, the hold mode
is applied. Before the force control, this mode is required
since the force estimated by the RFOB is not accurate when
the acceleration reference is rapidly changed because of its
LPF. In the hold mode, the velocity is controlled at 0 m/s for
a short time th to keep the state. The acceleration reference
of the hold mode is calculated as

ẍref = Kv

(
0 − ˆ̇xm

)

when tc + ts ≤ t < tc + ts + th. · · · · · · · · · · · (16)

Stage 5: After the hold mode, the force control based on
the aaKF and the RFOB is applied. The acceleration refer-
ence of the force control mode is calculated as
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Table 1. Four controllers in experiments

t < tc tc < t < tc + ts tc + ts < t < tc + ts + th t > tc + ts + th

Conventional force control Position control Force control
in Eq. (4) in Eq. (18)

Conventional position control Position control Position control
in Eq. (4) in Eq. (19)

Proposed fast force control Position control Deceleration mode Force control
without hold mode in Eq. (4) in Eq. (15) in Eq. (17)

Proposed fast force control Position control Deceleration mode Hold mode Force control
with hold mode in Eq. (4) in Eq. (15) in Eq. (16) in Eq. (17)

ẍref = Kf

(
Fd − F̂env

)

when t ≥ tc + ts + th · · · · · · · · · · · · · · · · · · · · · (17)

where Kf denotes force control gain.
In ideal case, the contact force is controlled to the desired

force at t = tc+ ts. If there is a disturbance force such as mod-
eling error and friction force, the force control compensates
the disturbance force. Finally, it can be estimated that the
force control will be completed in at least tc + ts + th + tRFOB,
where tRFOB is the inverse of the LPF cutoff frequency of the
RFOB.

4. Experiments

This section describes experimental results. The experi-
ments were conducted to validate the proposed control strat-
egy. Four controllers listed in Table 1 are compared; conven-
tional force control, conventional position control, proposed
fast force control without hold mode, and proposed fast force
control with hold mode.
4.1 Experimental Setup This subsection explains

the experimental setup. Figure 4 shows the experimental sys-
tem, while Table 2 lists its components. It is worth noticing
that a force sensor was used to measure the actual contact
force. Therefore, it was not used for control purposes. The
contact part of the force sensor is made of stainless steel. In
the actual in-circuit tests, the probe tip contacts with a sol-
der surface. The solder stiffness is different from the stain-
less stiffness, however, these stiffness is much larger than the
stiffness of the spring. Hence, it is assumed that the stiffness
difference does not affect the control performance.

Table 3 shows the parameters used in the experiments.
Some of them (e.g. the control gains and the cutoff frequen-
cies) were experimentally tuned. Additionally, the MEMS
accelerometer was selected based on its resonant frequency
of 22 kHz, which is higher than the Nyquist frequency of
5 kHz, to prevent aliasing issues.

The threshold value of the jerk signal ȧth was also experi-
mentally decided. Firstly, ȧth was set at the maximum value
of

.̂..
x m when the mover stops. Next, ȧth was set at the maxi-

mum value of
.̂..
x m in Stage 1.

In each controller, the impact detection was conducted us-
ing the constraints in Eq. (5) and Eq. (6). Additionally, po-
sition control is used on no contact condition. The position
command was decided on the basis of the velocity command.
At the beginning of the operation, the velocity command in-
creases in proportion to the time. When the command be-
comes the target velocity, the velocity command is held con-
stant. In this paper, the target velocity is set at 0.1 m/s.
4.2 Experimental Results Firstly, the results of a

conventional force control are described. After the impact

(a) Contact probe.

(b) General view.

Fig. 4. Experimental system

Table 2. Experimental equipments

Control board PCI-6289 (National Instruments Co.)
Software MATLAB/Simulink (The Mathworks, Inc.)
Contact probe SPB B111 (SPEA)
Position encoder RGH24X15A30D00A (Renishaw plc.)
MEMS accelerometer ADXL001 (Analog Devices, Inc.)
Force sensor 208C01 (PCM Piezotronics, Inc.)

Table 3. Parameters
Sampling time Ts 0.1 ms

Mass of the mover Mmn 0.457 kg
Elastic coefficient Kspr 500 N/m

Position control gain Kp 400
Velocity control gain Kv 40

Force control gain Kf 1.0
Cutoff frequency of DOB gDOB 500 rad/s
Cutoff frequency of RFOB gRFOB 500 rad/s

Desired force Fd 0.5 N
Hold time th 15 ms

Threshold value of jerk signal ȧth 1.5×104 m/s3

A/D converter resolution 18 bits
Position encoder resolution q 1 µm

Noise variance of position encoder q2/12 8.33×10−14 m2

Noise variance of accelerometer 3.8857 m2/s4

detection, the conventional force control was applied, whose
acceleration reference is calculated as

ẍref = Kf

(
Fd − F̂env

)
when t > tc. · · · · · · · · · · · · · ·(18)

Figure 5 shows the experimental results of the conventional
force control. The thin line, thick line, and dot line in
Fig. 5(a) denote the force estimated by the RFOB, the force
measured by the force sensor, and desired force Fd. The thin
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(a) Force response.

(b) Position response.

Fig. 5. Experimental results of conventional force con-
trol

line, thick line, and dot line in Fig. 5(b) denote the mover po-
sition, the detected position xd, and position command on no
contact condition. As the results, the force and position os-
cillate after the probe makes contact with environment. After
1.6 s from the impact detection, the force is controlled at the
desired force. The overshoot of the measured force is 1.36 N.
The estimated force became very large values at t = 0.8 s,
this due to the fact that the mechanical limiter got in contact
with the wall. Clearly, the overshoot and settling time should
be smaller.

Next, the results using a conventional position control are
described. After the impact detection, the conventional po-
sition control was applied, whose acceleration reference is
calculated as

ẍref = Kp (xd + Δx − x̂m) + Kv

(
0 − ˆ̇xm

)

when t > tc. · · · · · · · · · · · · (19)

Figure 6 shows the experimental results of the conventional
position control. The meaning of the lines in Fig. 6(a) and
Fig. 6(b) is the same in Fig. 5(a) and Fig. 5(b). The settling
time is 0.32 s which is shorter than the results of the conven-
tional force control. The overshoot of the measured force is
about 0.48 N. If used, this control strategy would damage the
soldering point, therefore the overshoot should be smaller.
In addition, there is 0.1 N error in steady state. It is worth
noticing that the error comes from the detection delay. Addi-
tionally, a better accuracy of the force control is desirable.

Next, the results using proposed control without the hold
mode are described. This experiment was conducted to con-
firm the effectiveness of the hold mode in Stage 3. Figure 7
shows the experimental results. The meaning of the lines in
Fig. 7(a) and Fig. 7(b) is the same in Fig. 5(a) and Fig. 5(b).
The responses are similar to the results of the conventional
force control in Fig. 5. Figure 8 shows the enlarged view of
Fig. 7(a) around the impact detection. At 0.798 s (t = tc + ts),

(a) Force response.

(b) Position response.

Fig. 6. Experimental results of conventional position
control

(a) Force response.

(b) Position response.

Fig. 7. Experimental results of proposed fast force con-
trol without hold mode

the control mode was switched from deceleration mode to
force control mode. However, the estimated force by the
RFOB became larger than the desired force, since the acceler-
ation reference rapidly changed. Therefore, the acceleration
reference calculated by Eq. (17) becomes a negative value,
and the probe did not keep the contact.

Finally, the results of the proposed control with hold mode
are described. Figure 9 shows the experimental results. The
meaning of the lines in Fig. 9(a) and Fig. 9(b) is the same in
Fig. 5(a) and Fig. 5(b). From Fig. 9(a), the settling time and
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Fig. 8. Enlarged view of Fig. 7(a)

(a) Force response.

(b) Position response.

Fig. 9. Experimental results of proposed fast force con-
trol with hold mode

Fig. 10. Enlarged view of Fig. 9(a)

overshoot is very small. Fig. 10 is the enlarged force response
shown in Fig. 9(a). The settling time of the measured force
is about 10 ms. In addition, there is no overshoot in the mea-
sured force. Therefore, the proposed fast force control can
quickly control the force with no overshoot.

In the transient state, the estimated force become very
large. The reason is that the acceleration reference is rapidly
changed at −Fc as shown in Eq. (15). However, the DOB and
RFOB have a LPF, whose cutoff frequencies are 500 rad/s.
Therefore, the rapid change cannot be observed. The calcu-
lated value of td and the hold time th are 18.5 ms and 15 ms,

Table 4. Summary of experimental results

Overshoot Settling time
Conventional force control more than 1.36 N 1.6 s

Conventional position control 0.48 N 0.32 s
Proposed force control no overshoot within 10 ms

Fig. 11. Comparison of jerk signal

respectively. Hence, the estimated value in 33.5 ms after the
impact detection is not used in the control. The estimated
force at the time of the mode change is the same value of Fd.
Therefore, the mode change was smoothly implemented.

5. Discussions

This section describes the discussions of the experimental
results.
5.1 Overshoot and Settling Time Table 4 shows the

comparison of the overshoot and the settling time of the mea-
sured force in each experimental result. It is clearly shown
that the proposed controller is superior to the other controllers
from viewpoints of the overshoot and the settling time.
5.2 Delay of Impact Detection in Stage 2 In the

proposed method, the impact detection was conducted using
Eq. (5) and Eq. (6). This subsection discusses about the delay
of the impact detection.

Firstly, Fig. 11 shows the comparison of the jerk signals
calculated by using the measured acceleration and the aaKF
estimated acceleration when the proposed controller was im-
plemented. The thin line and the thick line denote the jerk
calculated by using the measured acceleration and the jerk
calculated by using the aaKF estimated acceleration, respec-
tively. It can be confirmed that the jerk signal calculated by
using the estimated acceleration is much clear than one cal-
culated by using the measured acceleration. The standard de-
viation of the jerk signals calculated by using the measured
acceleration and the estimated acceleration before the opera-
tion (0 < t < 0.5) are 2.741×104 m/s3 and 2.728×103 m/s3,
respectively. Hence, it is clear that the aaKF can reduce the
noise. Additionally, the aaKF can compensate the bias of the
acceleration, therefore, the threshold value for the impact de-
tection can be set at a constant value.

Around 0.8 s, the jerk signal rapidly changed because of
the impact force. The time of the impact detection by Eq. (5)
and Eq. (6) is 0.7864 s. On the other hand, the actual im-
pact detection time can be measured using the force sensor.
When the impact force occurs, the measured force is largely
changed as shown in Fig. 10. The actual impact detection
time is 0.7863 s. Therefore, the time difference is only one
sampling time of 0.1 ms. In other words, the impact detec-
tion by using the aaKF estimation signals is almost equivalent
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(a) Response when standard RFOB is used.

(b) Response when aaKF RFOB is used.

Fig. 12. Comparison of force response around impact
detection

with the impact detection by using the force sensor.
5.3 Comparison of Standard RFOB and aaKF RFOB
This subsection describes the comparison of standard

RFOB (SRFOB) and aaKF RFOB. Figure 12 shows the com-
parison of the force response of the fast force control using
the SRFOB and the aaKF RFOB around the impact detection.
As a result, both the SRFOB and the aaKF RFOB could es-
timate the contact force in steady state, and the contact force
was controlled. However, the force estimated by the SRFOB
is oscillatory because of the pseudo differentiation, which is
used to calculate the velocity from the position information.
Additionally, the settling time of the estimated force by the
SRFOB is longer than one by the aaKF RFOB. Therefore, the
hold time th should be set longer. Hence, the aaKF RFOB is
suitable for the proposed fast force control.

6. Conclusions

This paper proposed a fast force control without force sen-
sor for probing system. In order to estimate the contact force,
a RFOB is utilized. A MEMS accelerometer is used to im-
prove the performance of the RFOB. Additionally, the aaKF
is used to estimate the position, velocity, and acceleration ac-
curately. A conventional force control, a position control, and
the proposed fast force control were compared by the exper-
iments. As the results, the proposed controller achieved the
fastest force control compared with the other controllers, with
10 ms settling time and no overshoot. Therefore, the pro-
posed control does not damage the contacted environment. It
was also confirmed that the impact detection using the aaKF
signals was achieved with only one sample delay.

This proposal is useful for the in-circuit test with the prob-
ing systems since the contact force can be controlled with
very short settling time and without overshoot.
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Appendix

1. DOB and RFOB
In this section, some simplifications of the model described

in Sect. 2 is described, in order to achieve a simpler imple-
mentation of the DOB and RFOB that is used in the pro-
posed control. In this paper, the mass of the contact probe
is much smaller than the mass of the mover, therefore the in-
ertial force of the probe Mp ẍp can be neglected. The motion
equations Eq. (1) and Eq. (2) can be rewritten as

Mm ẍm = KtI − Fenv · · · · · · · · · · · · · · · · · · · · · · · · · · · · (A1)

Fspr = Fenv. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (A2)

Eq. (A1) is the same as the motion equation of a linear motor.
Hence, the DOB and the RFOB can be applied in the same
way of Ref. (7).

app. Fig. 1 shows the block diagram of the SRFOB (7).
gRFOB denotes the cutoff frequency of the RFOB. In order to
calculate the velocity from the position information, a pseudo
differentiation (whose cutoff frequency is gdif) is often used.
However, this causes an estimation delay. On the other hand,
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app. Fig. 1. Block diagram of standard RFOB (SRFOB)

(a) DOB. (b) RFOB.

app. Fig. 2. Block diagram of DOB and RFOB used in
proposed fast force control

the aaKF can directly estimate the velocity and the acceler-
ation, therefore the pseudo differentiation is not required by
combining the aaKF and the RFOB as shown in Fig. 2. As a
result, the aaKF RFOB can estimate the reaction force more
accurately.

app. Fig. 2 shows the block diagram of the DOB and RFOB
used in the proposed control. F̂dis denotes the estimated
disturbance force, such as nominal error, friction, and reac-
tion force from the environment. gDOB denotes the cutoff
frequency of the DOB. The friction force Ffric includes the
coulomb friction and the viscous friction, which is calculated
as

Ffric = fcsign (ẋm) + Dẋm · · · · · · · · · · · · · · · · · · · · · · (A3)

where fc and D denote the coefficient of the coulomb friction
and the viscous friction.
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