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This paper presents a new pole-zero-assignment-based design method of a two-degree-of-freedom (TDOF) PID con-
troller, which is applicable to both positioning and tracking drives of linear servo motors. This design method involves
easy determination of five PID control parameters from six items: mover mass, maximum load mass, thrust constant,
cutoff frequency of the position control system, crossover frequency of sensitivity and complementary sensitivity func-
tions, and pole-angle in the s-plane. Consequently, it is possible to design a suitable TDOF PID controller for both
positioning and tracking drives by changing the pole-angle in the s-plane. Simulation and experimental results validate
the proposed design method.
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1. Introduction

TDOF PID control strategies are well known to design
the PID controllers so that the disturbance and reference re-
sponses almost become independent (1). These controllers
have been often employed in process control systems. The
design strategy is clear and intelligible. Firstly PID param-
eters (proportional gain KP, integral gain KI , and differen-
tial gain KD) are determined so that disturbance response re-
quired is obtained. Next, TDOF parameters (α and β) which
do not have any effects on disturbance response are adjusted
to improve the reference response (2) (3). In (4) (5), adopting
this strategy to mechanical servo system has been studied.
However, this design strategy is not applicable to position-
ing and tracking servo systems. This is because the reference
response is not necessarily optimized.

If a design method suitable for servo systems is developed,
robustness of the servo system can be easily improved. In (6),
auto-turning of TDOF PID controller for engine electronic
throttle system has been presented. This method entails ad-
justing the controller parameters by a closed-loop test using
a model-based adaptive control algorithm. In (7), the authors
have studied a pole-assignment-based design of TDOF PID
controller for positioning drives of LSM to overcome inher-
ent disturbance such as vertical force, loaded-mass variation,
etc. A simple calculation formula derived in (7) can easily de-
termine all parameters (KP, KI , KD, α and β) from only four
items (mover mass, maximum load mass, thrust constant, and
cutoff frequency of closed-loop position control system). In
(8), by introducing an arbitrary constant ε, improving a free-
dom of pole assignment proposed in (7) has been presented.
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However, a physical image of ε has not been clear. Moreover,
to adapt this method to tracking drives of LSM has not been
discussed, yet.

To address this situation, the authors have studied a new
method to design the TDOF PID controller capable of apply-
ing to both positioning and tracking drives (9)–(11).

In (9), the authors clarified the relationship between ε and
crossover frequency of sensitivity and complementary sensi-
tivity functions, and derived a new calculation formula for de-
termining all TDOF PID parameters from five items in which
the crossover frequency is employed instead of ε. This de-
sign strategy is suitable for the positioning drives of LSM.
However, the design procedure of TDOF PID controller is
not systematic in case of adapting this strategy to the de-
sign of the tracking drives. This is because it is necessary
to redesign the TDOF parameters once the optimum design
of TDOF PID controller for positioning drive is completed.
Consequently, the cutoff frequency and the pole assignment
determined finally is not necessarily clear.

In (10)–(11), to improve the method in (9), the authors have
proposed a systematically-improved pole-zero-assignment -
based design of the TDOF PID controller. This design
method entails easily determining all parameters (KP, KI , KD,
α and β) from six items: mover mass, maximum load mass,
thrust constant, cutoff frequency of position control system,
crossover frequency of sensitivity and complementary sensi-
tivity functions, pole-angle in the s-plane. Consequently, one
can design a suitable TDOF PID controller for both position-
ing and tracking drives by changing over the pole-angle in
the s-plane.

This paper summarizes the results in (9)–(11) and proposes
the systematically-improved pole-zero-assignment-based de-
sign of TDOF PID controller for both positioning and track-
ing drives of LSM. Theoretical reasons why the proposed
method realizes a suitable TDOF PID controller for both
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positioning and tracking drives are discussed. The validity
of the proposed method is demonstrated with simulation and
experimental results.

2. TDOF PID Controller

Figure 1 shows a basic composition of a TDOF PID posi-
tion controller for LSM drives. In this figure, transfer func-
tions of controllers (C1(s) and C2(s)) and a vector-controlled
LSM (P(s)) are written as follows.

C1(s) = (1 − α)KP + KI · 1
s
+ (1 − β)KD · s · · · · · · (1)

C2(s) = αKP + βKD · s · · · · · · · · · · · · · · · · · · · · · · · · · · (2)

P(s) =
k

m + mL
· 1

s2
· · · · · · · · · · · · · · · · · · · · · · · · · · · · (3)

where m and mL are the motor mover and loaded-work
masses (kg) respectively, k is the thrust constant (N/A), x is
the mover position (m), iq is the q-axis current (A).

In addition, the closed-loop transfer function of the posi-
tion control system GC(s) and sensitivity function S (s) are
obtained as follows.

GC(s) =
X(s)
X∗(s)

=
C1(s)P(s)

1 + (C1(s) + C2(s))P(s)

= K(1 − β)
s2 +

(1 − α)q1

(1 − β) s +
q1q2

(1 − β)
s3 + Ks2 + Kq1s + Kq1q2

· · · · · (4)

S (s) =
1

1 + (C1(s) + C2(s))P(s)

=
s3

s3 + Ks2 + Kq1s + Kq1q2
· · · · · · · · · · · · · · · (5)

where, q1 = KP/KD, q2 = KI/KP, K = kKD/(m + mL).
It can be found that, from Eqs. (4) and (5), GC(s) depends

on KP, KI , KD, α and β. In contrast, S (s) depends on only
KP, KI , KD; it is unrelated to α and β. Thus, one can design
the disturbance response and the reference response indepen-
dently using this property.

3. Systematic Design Method of TDOF PID Con-
troller for LSM Drives

In the proposed design strategy, the pole-zero assignment
of the closed loop transfer function GC(s) can be expressed as
Fig. 2. In this figure, ωb is the cutoff frequency of the closed-
loop position control system, ε is an arbitrary constant. Using
ωb and ε, the transfer function GC(s) is rewritten as follows
(10)–(11).

GC(s) = A
(s + ωb)(s + εωb)

(s + εωb)(s2 + 2ςωbs + ω2
b)

= A
s2 + ωb(ε + 1)s + εω2

b

s3 + ωb(ε + 2ς)s2 + ω2
b(1 + 2ςε)s + εω3

b

· · · · · · · · · · · · · · · · · · · (6)

where, A is constant, ζ = cos θ.
When the proposed zero-pole assignment is employed, the

following features can be obtained. The main poles moved
with the pole-angle θ are forcibly located on a semicircle
where the distance from the origin is ωb; the cutoff frequency
of the position control system is locked in the vicinity of ωb

Fig. 1. Block diagram of a TDOF PID position control
system

Fig. 2. Pole-zero assignment of a closed loop transfer
function

when |ε| > 1. Moreover, it is found that it is possible to
choose the favorite control performance by changing θ.

The calculation formulae to obtain KP, KI , KD, α and β
can be derived so that the coefficients of Eq. (4) correspond
to those of Eq. (6), which is summarized as follows.

KP =
M
k

(1 + 2ςε)ω2
b · · · · · · · · · · · · · · · · · · · · · · · · · · · (7)

KI =
M
k
εω3

b · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (8)

KD =
M
k

(2ς + ε)ωb · · · · · · · · · · · · · · · · · · · · · · · · · · · · (9)

α =
(2ς − 1)ε
1 + 2ςε

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (10)

β =
(2ς − 1) + ε

2ς + ε
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (11)

where, M = m + mLC , mLC is the set point of the load mass
(kg) used for the design of the controller.

Using Eqs. (7)–(11), one can determine five TDOF PID pa-
rameters only by setting ωb, ε and ζ (= cos θ). However, a
physical image of ε has not been clarified as well as (8).

Therefore, the authors derive a new calculation formula us-
ing ωc (crossover frequency of sensitivity function S (s) and
complementary sensitivity function T (s)) instead of ε. The
relationship between S (s) and T (s) is derived as follows (9).

When ω is equal to ωc, the following equation is obtained.

|S ( jωc)| = |T ( jωc)|
⇔
∣∣∣∣∣

1
1 + C( jωc)P( jωc)

∣∣∣∣∣ =
∣∣∣∣∣

C( jωc)P( jωc)
1 + C( jωc)P( jωc)

∣∣∣∣∣

· · · · · · · · · · · · · · · · · · · (12)

Since C( jωc) = C1( jωc)+C2( jωc), the following relation-
ship can be derived.

1 = |C( jωc)P( jωc)|
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= K

∣∣∣∣∣∣
−q1ωc + j(q1q2 − ω2

c)

ω3
c

∣∣∣∣∣∣

= K

√
(q1q2 − ω2

c)2 + (q1ωc)2

ω3
c

≈ K

√
ω4

c

ω3
c
=

K
ωc
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · (13)

Note that Eq. (13) is approximately simplified by assuming
that ωc

4 is enough larger than the other terms in the root.
By comparing the coefficient the term s2 of the denomina-

tor between Eqs. (4) and (6), ε is expressed as follows.

ε =
ωc

ωb
− 2ς · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (14)

From Eq. (14), it can be found that ζ (= cos θ) has little
influence on ε since ωc/ωb should be much larger than 2ζ to
obtain enough disturbance suppression characteristics.

Thus, by substituting Eq. (14) into Eqs. (7)–(11), a new cal-
culation formula to determine the parameters of the TDOF
PID position controller is derived as follows.

KP =
M
k
ωb(2ςωc + (1 − 4ς2)ωb) · · · · · · · · · · · · · · · (15)

KI =
M
k
ω2

b(ωc − 2ςωb) · · · · · · · · · · · · · · · · · · · · · · · · (16)

KD =
M
k
ωc · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (17)

α =
(2ς − 1)(ωc − 2ςωb)
2ςωc + (1 − 4ς2)ωb

· · · · · · · · · · · · · · · · · · · · · · (18)

β =
ωc − ωb

ωc
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (19)

By employing Eqs. (15)–(19), one can easily determine
KP, KI , KD, α and β by designing ωc, ωb and ζ (= cos θ).

A guideline to set ωc and ωb is as follws. ωc should be less
than 1/3 of the cut-off frequency of the inner current feedback
control loop. ωb should be smaller than ωc so that the posi-
tion response does not vibrate when the mover settles. When
a large step-type position command is inputted or a current
limitation level is small, ωb becomes small more.

4. Design Guideline for Positioning and Tracking
Drives using the Pole Angle

Figures 3 and 4 show simulation results of 50 mm step-
type position responses and 500 mm/s ramp-type positon re-
sponses respectively. The simulation condition is as follows:
ωc = 300 rad/s, ωb = 10 rad/s, k = 41.6 N/A, m = 11 kg, mLC

= 0 kg, mL = 0 kg. θ is from 0 to 60 degrees with 15 degrees
intervals. These results demonstrate that this design method
can change a transient response by only changing over θ in
the s-plane.

Next, the authors clarify the setting guideline for ζ and
mLC , in positioning and tracking drives.
4.1 Design Suitable for Positioning Drives In po-

sitioning drives such as a step-type position command is in-
putted, it is desirable to settle in the position command with-
out the overshoot. From Fig. 3, it is found that the overshoot
is completely suppressed when θ = 0 degree (i.e., ζ = 1). This
is because all roots of the characteristic equation of Eq. (4)
are negative real numbers. However, in case of LSM for con-
veyance, the load is equipped on the mover. Therefore, real

Fig. 3. Simulation results of the change in step response
when the pole-angel θ varies

Fig. 4. Simulation results of the change in ramp re-
sponse when the pole-angel θ varies

load mass may be different from mLC . So, the authors verified
how the poles of GC(s) changed when the real load mass mL

and mLC were different.
Figure 5 shows a pole assignment of GC(s) when θ = 0 de-

gree. In Fig. 5(a) mLC = 0 kg (minimum load mass setting).
In Fig. 5(b) mLC = 8 kg (maximum load mass setting). From
Fig. 5(a), it is found that the poles slip out from −10, −10
and −280 when mLC is different from mL, but these poles are
still located on the real axis. A similar situation can be seen
in Fig. 5(b) though two poles related to transient response
slightly move out of the real axis. In addition, another pole in
Fig. 5(b) moves to left more than that in Fig. 5(a). Thus, it is
expected that the disturbance suppression performance when
mLC = 8 kg is superior to the case when mLC = 0 kg.

To verify the discussion mentioned above, the authors car-
ried out the simulation of disturbance response. Figure 6
shows four position responses when a 60 N step-type thrust
disturbance is applied under the position command x* is con-
stantly 0 mm. Here, mLC is 0 kg or 8 kg. From Fig. 6, it is
found that the magnitude of the position response to the dis-
turbance input when mLC = 8 kg is smaller than the case when
mLC = 0 kg. Thus, it is clarified that mLC should be set as the
maximum load-work mass to improve the robustness to the
disturbance.

In addition, the zeroes do not depend on mLC and mL and
is constantly located on (−10 and −280). This is clear from
Eq. (4). The coefficients of the denominator of GC(s) are re-
lated to mass (K = kKD/(m+mL)), but the coefficients of the
numerator are not related to mass (q1, q2, α and β).
4.2 Design Suitable for Tracking Drives In tracking

drives such as a ramp-type position command is inputted, it
is required that a tracking error for position command must
be removed.

In Fig. 4, it is found that the tracking error is hardly seen
when θ = 60 degrees. The reason is as follows. When θ =
60 degrees, ζ = cosθ = 0.5. Thus, by substituting 0.5 for ζ in
Eq. (18), it can be obtained that α = 0.

445 IEEJ Journal IA, Vol.6, No.6, 2017



Systematic Design of TDOF PID Controller for LSMs（Hideaki Hirahara et al.）

(a) mLC = 0 kg

(b) mLC = 8 kg

Fig. 5. Pole assignment of a closed loop transfer func-
tion when θ = 0 degree

Fig. 6. Simulation results of the change in disturbance
step response when θ = 0 degree

Meanwhile, the open-loop transfer function of the position
control system GO(s) is written as follows.

GO(s) =
C1(s)P(s)

1 +C2(s)P(s)

=
K(1 − β)s2 + K(1 − α)q1 s + Kq1q2

s3 + βKs2 + αKq1s
· · · · (20)

From Eq. (20), it is found that the term 1/s2 is involved
when α = 0. Thus, it is considered that the tracking error for
the ramp-type position command becomes zero.

Figure 7 shows a pole assignment of GC(s) when θ = 60
degrees. In Fig. 7, main poles (−5 ± j8.66) related to tran-
sient response are fixed in the same positions regardless of
mL. In addition, it is confirmed that another pole on the real
axis in Fig. 7(b) is larger than that in Fig. 7(a) as well as Fig. 5
in Section 4.1. Figure 8 shows simulation results of the 60 N
step-type disturbance position responses. The results in Fig. 8
demonstrates that, in the tracking drives, mLC should be also
set as the maximum load-work mass to improve the robust-
ness.

Note that mLC and mL have no influence on zeroes of GC(s)

(a) mLC = 0 kg

(b) mLC = 8 kg

Fig. 7. Pole assignment of a closed loop transfer func-
tion when θ = 60 degrees

Fig. 8. Simulation results of the change in disturbance
step response when θ = 60 degrees

as well as the positioning drives.

5. Experimental Results

5.1 Experimental Setup To verify the validity of the
proposed method, the authors carried out actual driving tests
of a vector-controlled LSM. Table 1 shows the specifications
of the test LSM manufactured by Shinko Electric Co., Ltd.

Figure 9 shows the experimental setup. The switching
frequency of the PWM inverter (Myway Plus Co., Ltd.,
MWINV-9R122B) is 10 kHz. Employing the same condition
as the simulation, the controller in Fig. 9 is mounted on a DSP
system (Myway Plus Co., Ltd., Expert III). The actual posi-
tion data is detected by a linear encoder whose resolution is
5 μm.

Here, the current and position control periods are 100 μs
and 1 ms respectively. The current PI controllers are deter-
mined so that the cutoff angular frequency of the current con-
trol loop is 2,000 rad/s. The d-axis current command i∗d is
0 A.
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Table 1. Specifications of the tested LSM

Fig. 9. Experimental setup

5.2 Experimental Results of Positioning Drives
Figure 10 shows experimental results of the step responses.

In Fig. 10, it is confirmed that overshoot-less position re-
sponses are obtained in both mL = 0 kg and mL = 8 kg
(maximum), and the trivial move out of the main poles in
Fig. 5(b) has no influence on occurrence of the overshoot.
Figure 11 shows 60 N step-type disturbance responses. One
can see that good disturbance suppression characteristics are
obtained and the results in Fig. 11 correspond well to the sim-
ulation results in Fig. 6.
5.3 Experimental Results of Tracking Drives
Figure 12 shows experimental results of the ramp re-

sponses. The moving velocity is 500 mm/s. From Fig. 12,
it is found that, in both mL = 0 kg and mL = 8 kg, no tracking
error appears in the position responses. Figure 13 shows 60 N
step-type disturbance responses. In Fig. 13, the disturbance is
well suppressed since the peak of the position response is less
than 0.6 mm as well as the simulation in Fig. 8 when mLC =

8 kg. One can also see that small undershoot is observed in
the position response in Figs. 8 and 13. Meanwhile the set-
tling time in Fig. 13 is longer than that in Fig. 8. To clarify
the reason why the difference between experiment and simu-
lation results appears is an important future work.

6. Conclusions

A systematic design of TDOF PID controller for position-
ing and tracking drives of LSM was presented. The results
are summarized as follows.

(1) A new calculation formula that can determine all
TODF PID parameters (KP, KI , KD, α and β) by
turning only three items (cutoff frequency of closed-
loop position control system, crossover frequency

Fig. 10. Experimental results of the change in step re-
sponse when θ = 0 degree

Fig. 11. Experimental results of the change in distur-
bance step response when θ = 0 degree

Fig. 12. Experimental results of the change in ramp re-
sponse when θ = 60 degrees

Fig. 13. Experimental results of the change in distur-
bance step response when θ = 60 degrees

of sensitivity function and complementary sensitiv-
ity function, pole-angle in the s-plane) is derived for
LSM positioning and tracking drives.

(2) A design guidance of the pole-angle in the s-plane
suitable for LSM positioning and tracking drives is
shown.

(3) Simulation and experimental results clarified the va-
lidity of the proposed design method.
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