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Wheel-legged mobile robots (i.e., robots that use leg and wheel mechanisms) have the potential for efficient move-
ment in response to the environment. Singular configuration is an inevitable problem in wheel-legged mobile robots
and must be solved to realize motion. This paper proposes a simplification of the motion generation method in the
singular configuration of a wheel-legged mobile robot. The problem of inverse kinematic calculations in a wheel-
legged mobile robot is first modeled, and a solution method is proposed using an extension of the constraints to the
acceleration level and the redundancy of the robot. The singular configuration problem in the low-speed region is then
solved using the Levenberg–Marquardt method. A simple decision method using a weighted matrix for the damping
factor is also proposed. The method is then verified using a three-dimensional simulation and an experiment.
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1. Introduction

Mobile robots can be classified as either wheeled or legged.
Currently, wheeled mobile robots have several applications
because they can achieve statically stable motion. A leg
mechanism enables a mobile robot to move over uneven ter-
rain. The wheel-legged mobile robot has both leg and wheel
mechanisms, thus allowing varying modes of movement by
using the wheel mechanism on flat planes and the leg mech-
anism on uneven terrain. For independent motion in varying
environments, the robot must selectively use the leg or wheel
mechanism. In this study, a mobile robot control method
is developed to achieve motion in different environments by
effectively using a wheel-legged mechanism. The wheel-
legged mobile robot has been mentioned in several related
studies: for example, in extreme environments (1)–(3) and in
human-to-human support environments (4)–(6).

The wheel-legged mobile robot allows environmentally
adaptable motion. However, the multiple mechanisms com-
plicate the robot’s structure. A robot with such mechanisms
cannot avoid the problem of singular configuration, a pos-
ture in which the robot is structurally unable to achieve mo-
tion in a particular direction. Inverse kinematic calculations
cannot obtain a solution for singular configuration. Thus,
the singular configuration problem must be solved to achieve
efficient motion that is adaptable to varying environments.
Previously proposed methods to solve the singular configu-
ration problem are discussed in this section. They can be
classified into five categories: 1) using a special mecha-
nism (7) (8), 2) trajectory generation for singular configuration
avoidance (9)–(11), 3) using the redundancy of the robot (12)–(14),
4) analytically deriving the inverse kinematic solution (15) (16),
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and 5) numerically calculating the inverse kinematic solu-
tion (17)–(21).

An analytical solution to avoid singular configuration in
a wheel-legged mobile robot was proposed by Grand et al.;
however, only the steering joint was addressed (22). An et al.
proposed an inverse kinematic solution by offsetting the rota-
tional axes of the steering joint and the wheel (23). Suzumura
et al. described an inverse kinematic calculation by consid-
ering multiple kinematic constraints of a wheel-legged mo-
bile robot and proposed a selection matrix (24). However, the
method proposed by Grand et al. was inconsistent with mo-
tion because the steering joint calculation was conducted sep-
arately, whereas An et al.’s method required that the structure
be changed beforehand, and Suzumura et al.’s method did
not consider motion in the direction specified by the selection
matrix and thus led to decreased motion performance. To ad-
dress these problems, Suzumura et al. proposed a method for
calculating multiple kinematic constraints by inverse kine-
matics that considered priority and obtained the inverse kine-
matic solution of the steering joint by expanding the con-
straints to the acceleration level (25). However, this method
had a new singular configuration in the low-speed region.
Thus, these methods are not suitable approaches. Trajec-
tory generation considering the singular configuration is also
not suitable for a robot working in an unknown environment.
Therefore, inverse kinematics that consider priority and the
extension of constraints to the acceleration level are explored
in this study. The Levenberg–Marquardt (LM) method (26) (27)

is applied, and a method for determining a damping factor
based on the robot manipulability as a solution to the singular
configuration problem at low speeds is proposed. Manipula-
bility is one of the indices that quantify robot operability from
a kinematic viewpoint (28). A method for determining a damp-
ing factor by resolving the influence of the steering joint was
proposed for the wheel-legged mobile robot (29). This method
obtains the influence of the focus joint by separating the
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Fig. 1. Overview of the wheel-legged robot

manipulability of the robot. In contrast, we propose a simpler
method to realize the same effect as the previously reported
conventional method.

This paper is organized as follows. The modeling and the
problems of the inverse kinematic calculation in the wheel-
legged mobile robot are described in Sect. 2. Section 3
presents a solution method for the problem of the inverse
kinematic calculation using inverse kinematics that consider
priority and the extension of constraints to the acceleration
level. Section 4 then describes the singular configuration
problem in the low-speed region and the application of the
LM method to the wheel-legged mobile robot. Finally, the
three-dimensional simulation and experiment performed to
verify the efficacy of the proposed method are presented in
Sect. 5, and the conclusions are drawn in Sect. 6.

2. Robot Modeling

2.1 Model and Coordinate Systems of the Robot
The coordinate systems of the wheel-legged mobile robot

shown in Fig. 1 are defined as follows:
• ΣW : coordinates of the world;
• ΣB : coordinates of the base link; and
• Σci : coordinates of the contact point of the ith wheel.

The planar robot model in the sagittal plane is shown in
Fig. 2. In this model, w pB, B pci ∈ R3×1 are the base position
vectors with respect to ΣW and the tip position vectors of each
leg with respect to ΣB. The index of each leg, i, is represented
as i = 1, · · · , k, where k is the total number of legs (k = 4 in
the studied robot). Furthermore, Φ = [φ θ ψ]T is the Euler
attitude angle of the base link and θlegi = [θ1i θ2i θ3i]T ∈ RN

is the joint angle vector of each leg, where N is the number
of rotation joints in the leg (N = 3 in the studied robot). The
crotch yaw, crotch roll, and knee roll joint rotation angle are
θ1i, θ2i, and θ3i, respectively, θwheeli = [γi φi]T is the rota-
tion angle related to wheeled locomotion, γi is the steering
angle, and φi is the rolling angle of the wheel. Finally, the
respective rotation information of each leg is summarized by
θi = [θT

legi θ
T
wheeli]

T .
2.2 Kinematic Constraints on the Velocity Level
Both the mechanical and kinematic constraints, as well as

the constraints for the leg and wheel mechanisms, must be
considered for performing motion generation.

Fig. 2. Planar robot model in the sagittal plane

The kinematic constraints at the wheel contact point for-
mulate as a nonslippage condition. Slippage of the con-
tact point in the three-dimensional model was obtained from
Grand et al. (22) and Suzumura and Fujimoto (25):

usi =
w ṗci − wRci

⎡⎢⎢⎢⎢⎢⎢⎢⎣
Rφ̇i

0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦ · · · · · · · · · · · · · · · · · · · · · · · · · · · (1)

where usi is the contact point slippage with respect to the co-
ordinate system of the contact point of the ith leg, R is the
radius of the wheel, and wRci is a rotation matrix from Σw to
Σci . The tip velocity vector of each leg with respect to Σw
was then obtained by differentiating the tip position vector of
each leg w pci =

w pB +
wRB

B pci :

w ṗci =
w ṗB +

wṘB
B pci +

wRB
B ṗci · · · · · · · · · · · · · · · · · (2)

where wṘB is expressed as wṘB =
wωB

∧ · wRB. Further-
more, ∧ is represented as an operator that transforms a 3×1
vector to a 3×3 skew-symmetric matrix, and the cross prod-
uct can be rearranged into various forms: for example, a(∈
R

3) × b(∈ R3) = −b × a = −b∧a = a∧b. Therefore, the sec-
ond term on the right-hand side of Eq. (2) was transformed to
−(wRB

B pci )
∧ · wωB. Here usi in Eq. (1) was set to 0 to prevent

slippage. For simplification, both sides of Eq. (1) were then
multiplied by wRT

B, transforming Eq. (1) into matrix form:

0=
[
wRT

B −B p∧ci

] [w ṗB
wωB

]
+

⎡⎢⎢⎢⎢⎢⎢⎢⎣Jlegi Jγi −BRci

⎡⎢⎢⎢⎢⎢⎢⎢⎣
R
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
θ̇legi

γ̇i

φ̇i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · · · · · · · · · · · · · · · · · · (3)

= JBiξBi + Jvel
Wi
θ̇i · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (4)

where Jlegi ∈ RN×N is the Jacobian matrix of the rotational
joint of the ith leg, and Jγi ∈ R3×1 is the Jacobian matrix of the
steering joint. Each Jacobian matrix can be obtained by the
cross product of the rotational axis vector zx and the vector
connecting each joint center to the corresponding leg contact
point, ax(= B pci − B px). From Eq. (3), the entire body motion
satisfying the nonslippage constraints at the wheel contact
point can be generated.

However, the tip position control cannot be uniquely deter-
mined by constraints at the wheel contact point because the
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Fig. 3. Singular configuration of the steering joint

solution of the various combinations of
[
θ̇legi γ̇i φ̇i

]T
oc-

curs. Therefore, the leg position constraint was given by the
tip velocity vector of each leg with respect to ΣB, expressed
as

B ṗci =
[
Jlegi Jγi 0

] ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
θ̇legi

γ̇i

φ̇i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ · · · · · · · · · · · · · · · · · · · · (5)

= Jvel
Li
θ̇i · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (6)

where Jvel
Li
∈ R3×(N+2). Thus, the contact point position for

each leg can be controlled by the leg position constraints.
2.3 Problems in the Inverse Kinematic Calculation
Here, the problems of the inverse kinematic calculation

are described by the kinematic constraints on the velocity
level. First, the coefficient matrix Jγi becomes equal to 0
when the vector aγi (=

B pci − B pγi ) and the rotation axis vec-
tor zγi are coaxial in the cross product calculation. Therefore,
the wheel-legged mobile robot cannot generate appropriate
steering with a turning motion; this singular configuration
of the steering joint is shown in Fig. 3. Another problem in
the inverse kinematic calculation occurs when the constraints
of the wheel and leg positions are simultaneously solved.
Eqs. (3) and (5) are combined when these are simultaneously
solved:[

0
B ṗci

]
=

[
wRT

B −B p∧ci

0 0

] [
w ṗB
wωB

]

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Jlegi Jγi −BRci

⎡⎢⎢⎢⎢⎢⎢⎢⎣
R
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
Jlegi Jγi 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
θ̇legi

γ̇i

φ̇i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ · · · · · · · · · (7)

The pseudo-inverse matrix of the coefficient matrix in the
second term on the right-hand side of Eq. (7) is necessary for
the inverse kinematic calculation. The size of the coefficient
matrix is 6 × (N + 2). Thus, the rank r must be N + 2 when
calculating the pseudo-inverse matrix (N = 3 and r = 5 in the
studied robot). The rank of the coefficient matrix is given as

r = rank

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Jlegi Jγi −BRci

⎡⎢⎢⎢⎢⎢⎢⎢⎣
R
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
Jlegi Jγi 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ · · · · · · · · · · · · · · · (8)

Then, Eq. (8) is transformed by the elementary transforma-
tion of the matrix as follows:

r = rank

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 −BRci

⎡⎢⎢⎢⎢⎢⎢⎢⎣
R
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
Jlegi Jγi 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ · · · · · · · · · · · · · · (9)

= rank
([

Jlegi Jγi

])
+ rank

⎛⎜⎜⎜⎜⎜⎜⎜⎝−BRci

⎡⎢⎢⎢⎢⎢⎢⎢⎣
R
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎟⎟⎟⎟⎠ · · · · · · (10)

From Eq. (10), the ranks of the first term and the second term
on the right side are less than 3 and 1, respectively. There-
fore, the rank of the coefficient matrix becomes r ≤ 4. From
this result, the inverse kinematic solution cannot be obtained
because the pseudo-inverse matrix is not appropriate due to
the rank deficiency.

3. Method Using Redundancy in the Acceleration
Level

In this section, the singular configuration problem is solved
for the velocity level of the steering joint by extending the
kinematic constraints to the acceleration level. A method of
solving the inverse kinematics considering priority for prob-
lems with simultaneous constraints is also discussed (25).
3.1 Kinematic Constraints on the Acceleration Level
The wheel constraints on the acceleration level were ob-

tained by differentiating Eq. (3) with respect to time:

0 = wRT
B
w p̈B +

wṘT
B
w ṗB − B ṗci × wωB − B pci × wω̇B

+Jlegiθ̈legi + Jγi γ̈i + J̇legiθ̇legi + J̇γi γ̇i

−BṘci

⎡⎢⎢⎢⎢⎢⎢⎢⎣
Rφ̇i

0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦ − BRci

⎡⎢⎢⎢⎢⎢⎢⎢⎣
Rφ̈i

0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦ · · · · · · · · · · · · · · · · · · · (11)

where wṘT
B and BṘci are expressed as wṘT

B = (wω∧B
wRB)T and

BṘci =
Bω∧ci

BRci , respectively. Furthermore, Bωci was trans-
formed as follows:

Bωci = (Bωθ1i + · · · + BωθNi ) +
Bωγi · · · · · · · · · · · · · (12)

= (zθ1i θ̇1i + · · · + zθNi θ̇Ni) + zγi γ̇i · · · · · · · · · · · · (13)

= Jωlegiθ̇legi + Jωγi
γ̇i · · · · · · · · · · · · · · · · · · · · · · · · (14)

where Jωlegi =
[
zθ1i · · · zθNi

]
∈ R3×N , Jωγi

= zγi ∈ R3. Then,
Bω∧ci

was obtained as (Jωlegiθ̇legi)∧+ Jω∧γi
γ̇i. Therefore, Eq. (11)

can be expressed in matrix form:

0 =
[
wRT

B −B p∧ci

] [w p̈B
wω̇B

]

+

⎡⎢⎢⎢⎢⎢⎢⎢⎣Jlegi J̇γi+
wω∧B Jγi−Jω∧γi

BRci

⎡⎢⎢⎢⎢⎢⎢⎢⎣
Rφ̇i

0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦ BRci

⎡⎢⎢⎢⎢⎢⎢⎢⎣
−R
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
θ̈legi

γ̇i

φ̈i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
+(wω∧B

wRB)T w ṗB +
wω∧B Jlegiθ̇legi + J̇legiθ̇legi

+Jγi γ̈i − (Jωlegiθ̇legi)
∧BRci

⎡⎢⎢⎢⎢⎢⎢⎢⎣
Rφ̇i

0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦ · · · · · · · · · · · · · · · · · ·(15)

= JBi ξ̇B + Jacc
Wi
ηi + bWi · · · · · · · · · · · · · · · · · · · · · · · · · · · ·(16)

where Jacc
Wi
∈ R3×(N+2), bWi ∈ R3. ηi =

[
θ̈legi γ̇i φ̈i

]T
is

a vector composed of the angular acceleration of the joints
θ̈legi and wheel φ̈i and the angular velocity of the steering
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joint γ̇i. From the second column vector in the second term
of the right-hand side of Eq. (15), this term does not become
zero in the singular configuration of the steering joint because

−Jω∧γi

BRci

[
Rφ̇i 0 0

]T
has a value even if the steering rota-

tion axis is perpendicular to the ground surface. Therefore, a
steering joint motion can be obtained in the singular configu-
ration.

Next, the constraints of the leg position on the acceleration
level were obtained by differentiating Eq. (5) with respect to
time and expressing it in matrix form:

B p̈ci = J̇legi θ̇legi + Jlegi θ̈legi + J̇γi γ̇i + Jγi γ̈i · · · · · · (17)

=
[
Jlegi J̇γi 0

] ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
θ̈legi

γ̇i

φ̈i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦+ J̇legi θ̇legi+Jγi γ̈i · · · · · · (18)

= Jacc
Li
ηi + bLi · · · · · · · · · · · · · · · · · · · · · · · · · · · · (19)

where Jacc
Li
∈ R3×(N+2) and bLi ∈ R3.

Kinematic constraints considering all the legs can be ex-
pressed from the leg position and wheel constraints on the
acceleration level:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

JB1

JB2

...
JBk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
ξ̇B +

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Jacc
W1

0 · · · 0

0 Jacc
W2

. . .
...

...
. . .

. . . 0
0 · · · 0 Jacc

Wk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η1

η2

...
ηk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

bW1

bW2

...
bWk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · · · · · · · · · · · · · · · · (20)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B p̈c1
B p̈c2

...
B p̈ck

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Jacc
L1

0 · · · 0

0 Jacc
L2

. . .
...

...
. . .

. . . 0
0 · · · 0 Jacc

Lk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η1

η2

...
ηk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

bL1

bL2

...
bLk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · (21)

Then, Eqs. (20) and (21) were combined:

0 = JBξ̇B + Jacc
W η + bW · · · · · · · · · · · · · · · · · · · · · · · · (22)

P̈L = Jacc
L η + bL · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (23)

where JB ∈ R3k×6, Jacc
W ∈ R3k×(N+2)k, and Jacc

L ∈ R3k×(N+2)k.
3.2 Inverse Kinematics Considering Priority The

angular acceleration of each joint and the constraints on the
acceleration level were then obtained by inverse kinematics
by considering priority. The inverse kinematics considering
priority can be expressed as follows:

ηcmd = Jacc†
W (−JBξ̇B − bW ) + (I − Jacc†

W Jacc
W )ηref

· · · · · · · · · · · · · · · · · · · (24)

ηref = Jacc†
L (P̈L − bL) + (I − Jacc†

L Jacc
L )unull · · · · · (25)

where Jacc†
W and Jacc†

L are the pseudo-inverse matrices of Jacc
W

and Jacc
L , respectively. Inverse kinematics considering prior-

ity realizes a high-priority task using the inverse kinematic
solution of the lower-priority task as the null space input for
the high-priority task. Then, the low-priority task is realized
by the redundancy of the high-priority task. For this robot,
the high-priority task is the wheel constraint, and the low-
priority task is the leg position constraint. Therefore, the so-
lution of the multiple constraints can be obtained.

4. Problems in Low-Speed Wheeled Locomotion

In this section, a new singular configuration problem in

low-speed wheeled locomotion is described. The coefficient
vector of γ̇i becomes a zero vector in Eq. (15) when φ̇i = 0,
and vector aγi is coaxial to the rotational axis vector zγi . Thus,
γ̇cmd

i becomes zero when the wheel is stopped or is rotating at
a low speed, causing the steering to vibrate or diverge. This
condition is the singular configuration of constraints on the
acceleration level. To solve this, the LM method was applied.
4.1 Application of the Levenberg–Marquardt Method
The LM method was applied to inverse kinematics consid-

ering priority in the acceleration level as a measure of the
singular configuration problem in low-speed wheeled loco-
motion. In the application of the LM method, the pseudo-
inverse matrices in Eqs. (24) and (25) are expressed as fol-
lows:

Jacc†
W = JaccT

W (Jacc
W JaccT

W + λW I)−1 · · · · · · · · · · · · · · (26)

Jacc†
L = JaccT

L (Jacc
L JaccT

L + λLI)−1 · · · · · · · · · · · · · · · (27)

Here, the LM method is added to the damping factor in the
pseudo-inverse matrix. The inverse kinematic solution does
not occur as a local maximum in the singular configuration
because the pseudo-inverse matrix becomes the full rank in
the case of a rank deficiency in the Jacobian matrix. There-
fore, the LM method is able to suppress excessive output in a
near-singular configuration.

The damping factor in the LM method greatly affects the
calculated result and is thus necessary to determine the com-
bined motion of the robot. Several studies have examined
the decision method for the damping factor (29)–(36). Nakamura
et al. proposed a method in which a damping factor based
on manipulability was added in cases where the manipula-
bility was less than the threshold (30). Wampler proposed a
method of adding a small constant value to the damping fac-
tor (20). Ford et al. proposed a method to use the negative
natural exponential of the value of the Jacobian matrix de-
terminant as the damping factor and then applied the LM
method to the singular configuration of the control moment
gyros (31). Kelmar et al. proposed a method for using the cur-
rent and previous-step manipulability as the damping factor
in the LM method of a sequential calculation (32). Mayorga et
al. proposed a method that limited the minimum of the sin-
gular value of the Jacobian matrix in the damping factor (33).
Sugihara proposed a method that used the square norm of
the error and added a small value to the damping factor (34).
Maciejewski et al. proposed a method that limited the joint
velocity value using the LM method (35). Deo et al. men-
tioned that Maciejewski’s method determines the damping
factor within the framework of the trust region method (36).
All these methods can be classified as one of the following:
•Method based on robot manipulability (29)–(33)

•Method based on error minimization (34)–(36)

Methods based on error minimization cannot obtain a suit-
able damping factor when using inverse kinematics consid-
ering priority because the trajectory tracking performance of
low-priority tasks is reduced. Therefore, methods based on
robot manipulability were applied for the singular configu-
ration problem in the low-speed region, as described in the
following subsection. Ford’s method (31) was first applied as a
conventional method. A method resolving the posture of the
steering joint (29) was also applied. Finally, a simpler method

748 IEEJ Journal IA, Vol.8, No.5, 2019



Motion Generation for Wheel-Legged Mobile Robot（Kenta Nagano et al.）

considering the posture of the steering joint was proposed.
4.1.1 Conventional Levenberg–Marquardt Method (31)

Ford et al. proposed using the negative natural exponen-
tial of the determinant of the Jacobian matrix as the damping
factor. By applying this method to the wheel-legged mobile
robot, the damping factors in Eqs. (26) and (27) become

λW = αWe− det(Jacc
W JaccT

W ) · · · · · · · · · · · · · · · · · · · · · · · · · (28)

λL = αLe− det(Jacc
L JaccT

L ) · · · · · · · · · · · · · · · · · · · · · · · · · · (29)

where the values αW and αL are empirically obtained.
4.1.2 Method Resolving the Posture of the Steering

Joint (29) Because the conventional LM method gives the
same damping effect for all the legs, it cannot suppress the vi-
bration associated with each leg’s posture. Furthermore, the
damping effect is influenced by motion unless the posture is
far from the singular configuration. Therefore, the damping
factor was altered to reflect the posture of each leg and reduce
the damping effects when far from the singular configuration.
The damping factors λW I, λLI ∈ R3k×3k are given as follows:

λW I =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λW1 0 · · · 0

0 λW2

. . .
...

...
. . .

. . . 0
0 · · · 0 λWk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · · · · · · · · · · · (30)

λLI =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λL1 0 · · · 0

0 λL2

. . .
...

...
. . .

. . . 0
0 · · · 0 λLk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · · · · · · · · · · · · · (31)

where

λWi = αWi e
−wWiβWi Idls · · · · · · · · · · · · · · · · · · · · · · · · · · (32)

λLi = αLi e
−wLiβLi Idls · · · · · · · · · · · · · · · · · · · · · · · · · · · · (33)

wWi =

√
det(Jacc

Wi
JaccT

Wi
) · · · · · · · · · · · · · · · · · · · · · · · · (34)

wLi =

√
det(Jacc

Li
JaccT

Li
) · · · · · · · · · · · · · · · · · · · · · · · · · (35)

Idls ∈ R3×3 is the identity matrix, and αWi , αLi , βWi , and βLi are
scalar parameters. The LM method was applied according to
the manipulability of each leg. Therefore, the vibration sup-
pression in the steering joint becomes more effective when
the wheel rotates at a low speed or stops completely.

The effective reflection of the steering motion is necessary
because the singular configuration of the steering joint affects
motion generation. Therefore, the evaluation indexes wWi and
wLi decompose the manipulability of the steering joint from
each leg and are given as

wWi = KWlegi
3

√
det(Jlegi JT

legi) + KWγi |det(κT
Wγi
κWγi )|

· · · · · · · · · · · · · · · · · · · (36)

wLi = KLlegi
3

√
det(Jlegi JT

legi) + KLγi |det(κT
Lγi
κLγi )|

· · · · · · · · · · · · · · · · · · · (37)

κWγi = J̇γi +
wω∧B Jγi − Jω∧γi

BRci

⎡⎢⎢⎢⎢⎢⎢⎢⎣
Rφ̇i

0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦ · · · · · · · · · · (38)

κLγi = J̇γi · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (39)

The first term on the right-hand side of Eqs. (36) and (37) is
the manipulability of the third joint from the first joint, and
the second term is the singular value of the steering joint of
each constraint. KWlegi , KLlegi , KWγi

and KLγi are the weighted
factors. The singular value of the steering joint expresses
the size of the rotational motion of the steering joint. Here,
adding each term directly in Eqs. (36) and (37) is not appro-
priate because their orders are different. In our robot, the first
and second terms correspond to three joints and one joint, re-
spectively. Therefore, the orders of each term are different
when the square root is calculated in the same way as the
general manipulability. Thus, each term changes the identi-
cal order based on the number of singular values (37). From
the above, the LM method that considers the influence of the
steering joint was applied.
4.1.3 Proposed Method Using a Weighted Matrix
Using a method that resolves the steering joint posture

is complicated because it calculates multiple manipulabilites
separately. Therefore, a method using a weighted matrix was
proposed using the following evaluation:

w =
√

det(JWJT ) · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·(40)

where J ∈ Rm×n is the Jacobian matrix, W ∈ Rn×n is the
weighted matrix, and m and n are the degrees of freedom of
the workspace and joint space, respectively. Each matrix is
given below:

J =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

j11 · · · j1(n−1) j1n
...

. . .
...

...
j(m−1)1 · · · j(m−1)(n−1) j(m−1)n

jm1 · · · jm(n−1) jmn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · · (41)

W =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

K1 0 · · · 0

0
. . .

. . .
...

...
. . . K(n−1) 0

0 · · · 0 Kn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · · · · · · · · · · · · · (42)

where jmn is the element of the Jacobian matrix and Kn is the
weighted factor of the nth joint. Then, the evaluation indexes
wWi , wLi on our robot are given as follows:

wWi =

√
det(Jacc

Wi
WWi J

accT
Wi

) · · · · · · · · · · · · · · · · · · · · (43)

wLi =

√
det(Jacc

Li
WLi J

accT
Li

) · · · · · · · · · · · · · · · · · · · · · (44)

where WWi and WLi are the weighted matrices defined as

WWi =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

KWlegi

KWlegi 0
KWlegi

KWγi0 KWlegi

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · (45)

WLi =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

KLlegi

KLlegi 0
KLlegi

KLγi0 KLlegi

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · · · · (46)
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Here, the weighted factor of the steering joint is given a dif-
ferent value from the other joints, thus effectively reflecting
the steering joint’s influence. In addition, this method does
not require decomposition of the manipulability beforehand,
which is required by the method that resolves the posture of
the steering joint. Therefore, the evaluation index does not
become complicated.

The evaluation indexes of each method are different; there-
fore, the evaluation indexes of the conventional LM method
and the method for resolving the posture of the steering joint
were adjusted by scaling factors. Thus, Eqs. (28) and (29) are
modified as follows:

λW = αWe−
det(Jacc

W JaccT
W )βW

cWconv · · · · · · · · · · · · · · · · · · · · · · · · · (47)

λL = αLe−
det(Jacc

L JaccT
L )βL

cLconv · · · · · · · · · · · · · · · · · · · · · · · · · · (48)

where βW and βL are scalar parameters and cWconv and cLconv

are the scaling coefficients given below:

cWconv =
det(Jacc

W JaccT
W )√

det(Jacc
Wi

WWi J
accT
Wi

)
· · · · · · · · · · · · · · · · · (49)

cLconv =
det(Jacc

L JaccT
L )√

det(Jacc
Li

WLi J
accT
Li

)
· · · · · · · · · · · · · · · · · · (50)

The scaling coefficient is the evaluation index divided by the
evaluation index of the proposed method using the weighted
matrix. Here, the evaluation index of each method in the ini-
tial posture that had been calculated in advance was used.
Similarly, Eqs. (32) and (33) were modified as shown below:

λWi = αWi e
− wWi

βWi
cWi Idls · · · · · · · · · · · · · · · · · · · · · · · · · · (51)

λLi = αLi e
− wLi

βLi
cLi Idls · · · · · · · · · · · · · · · · · · · · · · · · · · · · (52)

where cWi and cLi are the scaling coefficients, defined as:

cWi =

KWlegi
3

√
det(Jlegi JT

legi) + KWγi |det(κT
Wγi
κWγi )|√

det(Jacc
Wi

WWi J
accT
Wi

)

· · · · · · · · · · · · · · · · · · · (53)

cLi =

KLlegi
3

√
det(Jlegi JT

legi) + KLγi |det(κT
Lγi
κLγi )|√

det(Jacc
Li

WLi J
accT
Li

)

· · · · · · · · · · · · · · · · · · · (54)

This scaling coefficient is also the evaluation index divided
by the evaluation index of the proposed method using the
weighted matrix, and using the evaluation index of each
method in the initial posture that had been calculated in ad-
vance.

5. Simulation and Experimental Results

A three-dimensional simulation and an experiment con-
sidering the singular configuration problem in low-speed
wheeled locomotion were performed to verify the proposed
method’s ability to generate motion.

5.1 Workspace Controller The reference value of
the position of each leg and the position of the base link are
given below:

w p̈ref
B = kpB(w pcmd

B − w pres
B ) + kdB(w ṗcmd

B − w ṗres
B )

· · · · · · · · · · · · · · · · · · · (55)
B p̈ref

ci
= kpci (

B pcmd
ci
− w pres

ci
) + kdci (

B ṗcmd
ci
− B ṗres

ci
)

· · · · · · · · · · · · · · · · · · · (56)
wω̇ref

B = T(Φ)Φ̈ref · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (57)

Φ̈ref = kpΦ(Φcmd −Φres) + kdΦ(Φ̇cmd − Φ̇res)

· · · · · · · · · · · · · · · · · · · (58)

where T(Φ) is the transformation matrix between wω̇ref
B and

Φ̇. The relationship between wω̇ref
B and Φ̇ is given by wω̇ref

B =

T(Φ)Φ̈ref + Ṫ(Φ)Φ̇ref . Here, Ṫ(Φ) � 0 was assumed be-
cause of the low effectiveness of Ṫ(Φ). The proportion and
derivative gains are kpB, kpci , and kpΦ and kdB, kdci , and kdΦ,
respectively.

Next, joints other than the steering joint were controlled by
the acceleration control and the disturbance observer (38); their
torque is given as

τref
θi,φi
= Mnη̈

ref
θi,φi
+ τ̂dis

θi ,φi
· · · · · · · · · · · · · · · · · · · · · · · · · (59)

where Mn is the diagonal matrix related to the nominal in-
ertia of each joint other than the steering joint and τ̂dis

θi ,φi
is

the estimated disturbance torque by the disturbance observer.
The angular acceleration reference η̈ref

θi ,φi
is then

η̈ref
θi,φi
= η̈cmd

θi,φi
+ kpθi ,φi (η

cmd
θi,φi
− ηres

θi,φi
) + kdθi ,φi (η̇

cmd
θi ,φi
− η̇res

θi,φi
)

· · · · · · · · · · · · · · · · · · · (60)

where kpθi,φi and kdθi ,φi are the proportional and derivative
gains, respectively. Furthermore, the steering joint was con-
trolled by the proportional control and the disturbance ob-
server. The torque reference of the steering joint is given as

τ
ref
γi
= kpγi (γ̇

cmd
i − γ̇res

i ) + τ̂dis
γi
· · · · · · · · · · · · · · · · · · · · (61)

where kpγi is the proportional gain and τ̂dis
γi

is the estimated
disturbance torque of the steering joint by the disturbance ob-
server. A block diagram of the entire control system is shown
in Fig. 4.
5.2 Simulation Results The behavior of the robot

was confirmed in case of the posture of the singular config-
uration and the nonsingular configuration as shown in Fig. 5.
Figure 5(a) is the singular configuration because the steer-
ing joint is perpendicular to the contact point. By contrast,
Fig. 5(b) is not perpendicular to the contact point, therefore,
this posture is the nonsingular configuration. The constant
velocity trajectory was given to Φ, w pB(= [xB yB zB]T ), and
B pci (= [xci yci zci ]

T ). As shown in Fig. 5, the given tar-
get trajectory was 0.1 m/s in the x-direction when the sin-
gular configuration and 0.5 m/s in the y-direction when the
nonsingular configuration. The weighted factors used in the
method resolving the posture of the steering joint and the pro-
posed method are given in Table 1. The scalar parameters
in each method are given in Table 2, and the same values
were used for all the methods. Here, each weighted factor
and scalar parameter were experimentally determined. The
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Fig. 4. Control system block diagram (DOB: disturbance observer)

(a) Condition of the singular configura-
tion

(b) Condition of the nonsingular con-
figuration

Fig. 5. Condition of the posture in the simulation

Table 1. Weighted factor conditions

Contents KWlegi KWγi
KLlegi KLγi

Simulation 1.00 50.0 1.00 0.50
Experiment 1.00 50.0 1.00 0.50

Table 2. Scalar parameter conditions

Contents αW αL βW βL αWi αLi βWi βLi

Simulation 0.01 1.45 150.0 50.0 0.01 1.45 150.0 50.0
Experiment 1.50 0.014 250.0 100.0 1.50 0.014 250.0 100.0

simulation was performed using the robot control simulator
(ROCOS) (39).

The simulation results of the singular configuration are first
described. The base position-tracking trajectory in the x-
direction and the steering angle of the first leg are shown
in Figs. 6 and 7. Figure 6 presents the results when a sin-
gle kinematic constraint on the acceleration level is used, and
Fig. 7 presents the results when the conventional LM method,
the method that resolves the posture of the steering joint, and
the proposed method using the weighted matrix are used. The
standard deviation of the steering angle and the root mean
square errors (RMSEs) of the base position-tracking trajec-
tory are given in Table 3. As shown in Fig. 6(a), steering
vibration occurred at the start of motion, near the singular
configuration. Furthermore, a base position-tracking error
occurred at the beginning of motion, as shown in Fig. 6(b).
This tracking error was caused by vibration in the steering
joint. Figure 7 shows the effective vibration suppression and
base position tracking realized in each LM method. From Ta-
ble 3, each LM method has almost the same effect regarding
the tracking of the base position. In addition, the proposed
method using the weighted matrix was most effective in vi-
bration suppression of the steering joint. Therefore, the pro-

(a) Response of the steering angle

(b) Response of the base position

Fig. 6. Simulation results using a single kinematic con-
straint on the acceleration level in the case of the singular
configuration

posed method using the weighted matrix effectively reflects
the influence of the steering joint.

The simulation results of the nonsingular configuration are
described. Figures 8 and 9 show the base position-tracking
trajectory in the y-direction and the steering angle of the first
leg. The results with a single kinematic constraint on the ac-
celeration level is shown in Fig. 8. The results of the conven-
tional LM method, the method that resolves the posture of the
steering joint, and the proposed method using the weighted
matrix are shown in Fig. 9. Table 4 shows the standard devia-
tion of the steering angle and the RMSEs of the base position-
tracking trajectory. From the result of a single kinematic con-
straint on the acceleration level in Fig. 8, the steering joint
did not vibrate and the base position-tracking error was small
since the posture is the nonsingular configuration. From
Fig. 9, the steering vibration and the base position-tracking
error occurred in the conventional LM method because the
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(a) Response of the steering angle

(b) Response of the base position

Fig. 7. Simulation results using the LM method in the
case of the singular configuration

Table 3. Standard deviation of the steering angle and
RMSEs of the base link in the simulation results of the
nonsingular configuration

Contents SD[mrad] RMSEs[mm]
Single kinematic constraint on the acceleration level 51.455 2.414

Conventional LM method 5.909 2.671
Method resolving the posture of the steering joint 7.163 2.629

Proposed method using the weighted matrix 5.849 2.642

Table 4. Standard deviation of the steering angle and
RMSEs of the base link in the simulation results of the
nonsingular configuration

Contents SD[mrad] RMSEs[mm]
Single kinematic constraint on the acceleration level 0.884 14.780

Conventional LM method 16.274 73.183
Method resolving the posture of the steering joint 8.385 16.441

Proposed method using the weighted matrix 1.689 16.667

effect of the damping factor was not sufficiently decreased.
In the method resolving the posture of the steering joint, the
steering vibration occurred, however, the base-position track-
ing error was small. In addition, the steering vibration and
the base position-tracking error of the proposed method using
the weighted matrix were small. From Table 4, the steering
vibration and the base position-tracking error in the case of
a single kinematic constraint on the acceleration level were
smaller than the LM methods. The proposed method using
the weighted matrix was realized the base position-tracking
error almost the same as the case of a single kinematic con-
straint on the acceleration level. Then, the steering vibra-
tion of the proposed method using the weighted matrix was
smaller than the other LM method and was sufficiently small
in the realization of the motion. Therefore, the proposed
method using the weighted matrix can be realized the effec-
tive motion generation even in the nonsingular configuration.

(a) Response of the steering angle

(b) Response of the base position

Fig. 8. Simulation results using a single kinematic con-
straint on the acceleration level in the case of the nonsin-
gular configuration

(a) Response of the steering angle

(b) Response of the base position

Fig. 9. Simulation results using the LM method in the
case of the nonsingular configuration

5.3 Experimental Results The experimental results
confirmed the simulation results presented in the previous
section. Here, the verification was performed for the case of
the singular configuration. The LM methods that considered
the scaling coefficients were used. In addition, the weighted
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factors and the scalar parameters are given in Tables 1 and 2,
respectively. Next, the motion sequence of the experiment is
shown in Fig. 10. To achieve the same posture as the simula-
tion, a base link trajectory that rises 0.104 m in the z-direction
over 4.0 s was first given. A trajectory moving 0.40 m in the
x-direction for 4.0 s was also given. Finally, a trajectory that
descends 0.104 m in the z-direction over 4.0 s was given to
return to the initial posture.

The experimental results of the conventional LM method,
the method of resolving the posture of the steering joint, and
the proposed method using the weighted matrix are shown in
Figs. 11, 12, and 13, respectively. Each figure shows the posi-
tion of the base link, the steering joints angle, and the damp-
ing factors of the wheel and leg position constraints. The
standard deviations of the steering angle of the first leg and
the RMSEs of the base position-tracking trajectory are given

Fig. 10. Motion sequence of the experiment: (a) base
link rises 0.104 m in 4.0 s; (b) robot moves 0.4 m in 4.0 s;
and (c) base link descends 0.104 m in 4.0 s

(a) Response of the base position (b) Response of the steering angle (c) Damping factor of constraint
of the wheel

(d) Damping factor of constraint
of the leg position

Fig. 11. Experimental results using the conventional LM method

(a) Response of the base position (b) Response of the steering angle (c) Damping factor of constraint
of the wheel

(d) Damping factor of constraint
of the leg position

Fig. 12. Experimental results using the method of resolving the posture of the steering joint

(a) Response of the base position (b) Response of the steering angle (c) Damping factor of constraint
of the wheel

(d) Damping factor of constraint
of the leg position

Fig. 13. Experimental results using the proposed method with a weighted matrix

in Table 5. From Fig. 11, the conventional LM method was
an emergency stop because the steering joint was rotated for
around 6.0 s. The damping factor changed drastically from
around 3.0 s and affected the steering joint. Therefore, it was
impossible to realize the motion. From Figs. 12 and 13, the
method resolving the posture of the steering joint and the
proposed method using the weighted matrix realized a tra-
jectory tracking motion of the base link. In addition, with
the proposed method using the weighted matrix, the standard
deviation of the steering angle was reduced to 49.5% of the
method resolving the posture of the steering joint, as shown
in Table 5.
5.4 Discussion Here, we discuss the above results

and the effect of each LM method. From the result of the con-
ventional LM method in Fig. 11, the damping factor changed
drastically, which affected the motion of the steering joint.
The change in the damping factor occurred because the ma-
nipulability of the whole body was decreased. However, the
method resolving the posture of the steering joint and the
proposed method using the weighted matrix prevented the
damping factor from increasing because the evaluation index

Table 5. Standard deviation of the steering angle and
RMSEs of the base link in the experimental results

Contents SD[mrad] RMSEs[mm]
Conventional LM method — —

Method resolving the posture of the steering joint 15.614 1.895
Proposed method using the weighted matrix 7.729 1.821
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Table 6. Computational time of each method

Contents Time[μs]
Conventional LM method 8.168

Method resolving the posture of the steering joint 5.124
Proposed method using the weighted matrix 6.968

was calculated by each leg. Next, from Table 5, the standard
deviation of the steering angle was smaller in the proposed
method using the weighted matrix than in the method resolv-
ing the posture of the steering joint. The damping factor of
the method resolving the posture of the steering joint, shown
in Fig. 12, changed considerably by the start of motion and
became small. In contrast, for the proposed method using
the weighted matrix shown in Fig. 13, it changed slowly with
the start of motion. Furthermore, Eqs. (36) and (37) of the
method resolving the posture of the steering joint separated
the target joint and ignored part of the influence of the target
joint. Then, Eqs. (43) and (44) of the proposed method using
the weighted matrix reflected all the influences of the target
joint because the weighting is given by the weighted matrix.
Therefore, the proposed method using the weighted matrix
considered all the influences on the target joint and realized
the generation of effective motion. Finally, the computational
cost of each method became O(l3). Here, l is the matrix size
and is dependent on the Jacobian matrix. The computational
time of each method in the experiment is given in Table 6:
the method resolving the posture of the steering joint was the
quickest because the size of the matrix is the smallest. How-
ever, the computational times of each method are almost the
same because they are of the order of microseconds. From
the above, the proposed method using the weighted matrix
does not need to separate the target joint in advance unlike
the method resolving the posture of the steering joint, and the
generation of effective motion can be realized.

6. Conclusion

A method using inverse kinematics that considers priority
and kinematic constraints extended to the acceleration level
was applied to the inverse kinematic calculation in the gen-
eration of motion for a wheel-legged mobile robot. Motion
generation was realized using the redundancy of the robot.
Furthermore, a new singular configuration occurring at low-
speed wheeled locomotion was identified in the acceleration
level. The LM method was applied to this problem. A
method for determining the damping factor using a weighted
matrix to reflect the influence of the steering joint was then
proposed. The effectiveness of the proposed method was ver-
ified by a three-dimensional simulation and experiment. The
results show that the wheel-legged mobile robot was able to
generate motion in the singular configuration using the pro-
posed method. Moreover, the proposed damping factor of the
LM method achieved effective trajectory tracking and gener-
ated motion of the steering joint by a simple approach.
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IEEE/ASME Int. Conf. on Advanced Intelligent Mechatronics, pp.338–343
(2009)

(17) S.R. Lucas, C.R. Tischler, and A.E. Samuel: “Real-time solution of the in-
verse kinematic-rate problem”, Int. J. of Robotics Research, Vol.19, No.12,
pp.1236–1244 (2000)

(18) T. Kishimoto and Y. Fujimoto: “Numerically stable inverse kinematics calcu-
lation of robot manipulators even in singular configuration”, Proc. IEEE Int.
Conf. on Industrial Electronics, Control, and Instrumentation, pp.1036–1040
(2004)

(19) D.N. Nenchev, Y. Tsumaki, and M. Uchiyama: “Singularity-consistent be-
havior of telerobots: Theory and experiments”, Int. J. of Robotics Research,
Vol.17, No.2, pp.138–152 (1998)

(20) C.W. Wampler: “Manipulator inverse kinematic solutions based on vector
formulations and damped least-squares methods”, IEEE Trans. on Systems,
Man, and Cybernetics, Vol.16, No.1, pp.93–101 (1986)

(21) Y. Xia and J. Wang: “A dual neural network for kinematic control of redun-
dant robot manipulators”, IEEE Trans. on Systems, Man, and Cybernetics,
Vol.31, No.1, pp.147–154 (2001)

(22) C. Grand, F. Benamar, and F. Plumet: “Motion kinematics analysis of
wheeled-legged rover over 3D surface with posture adaptation”, Int. J. of
Mechanism and Machine Theory, Vol.45, No.3, pp.477–495 (2010)

(23) S.I. An and D.S. Kwon: “Design and kinematic analysis of a 6DOFs omni-
directional mobile robot for the gesture expression”, Proc. ICROS-SICE Int.
Joint Conf., pp.129–133 (2009)

(24) A. Suzumura and Y. Fujimoto: “High mobility control for a wheel-legged
mobile robot based on resolved momentum control”, Proc. IEEE Int. Work-
shop on Advanced Motion Control, pp.1–6 (2012)

(25) A. Suzumura and Y. Fujimoto: “Workspace control of a wheel-legged mobile
robot for gyrating locomotion with movable leg”, Proc. IEEE Int. Conf. on
Mechatronics, pp.641–647 (2013)

(26) K. Levenberg: “A method for the solution of certain non-linear problems in
least squares”, Quarterly of Applied Mathematics, Vol.2, No.2, pp.164–168
(1944)

754 IEEJ Journal IA, Vol.8, No.5, 2019



Motion Generation for Wheel-Legged Mobile Robot（Kenta Nagano et al.）

(27 ) D.W. Marquardt: “An algorithm for least-squares estimation of nonlinear pa-
rameters”, J. of the Society for Industrial and Applied Mathematics, Vol.11,
No.2, pp.431–441 (1963)

(28) T. Yoshikawa: “Manipulability of robotic mechanisms”, Int. J. of Robotics
Research, Vol.4, No.2, pp.3–9 (1985)

(29) K. Nagano and Y. Fujimoto: “Comparison of methods for solving the singu-
lar configuration of a wheel-legged mobile robot”, IEEJ Journal of Industry
Applications, Vol.5, No.5, pp.378–391 (2016)

(30) Y. Nakamura and H. Hanafusa: “Inverse kinematic solutions with singularity
robustness for robot manipulator control”, J. of Dynamic Systems, Measure-
ment, and Control, Vol.108, No.3, pp.163–171 (1986)

(31) K.A. Ford and C.D. Hall: “Singular direction avoidance steering for control-
moment gyros”, J. of Guidance, Control, and Dynamics, Vol.23, No.4,
pp.648–656 (2000)

(32) L. Kelmar and P.K. Khosla: “Automatic generation of kinematics for a recon-
figurable modular manipulator system”, Proc. IEEE Int. Conf. on Robotics
and Automation, pp.24–29 (1988)

(33) R.V. Mayorga, A.K.C. Wong, and N. Milano: “A fast procedure for manipula-
tor inverse kinematics evaluation and pseudoinverse robustness”, IEEE Trans.
on Systems, Man, and Cybernetics, Vol.22, No.4, pp.790–798 (1992)

(34) T. Sugihara: “Solvability-unconcerned inverse kinematics by the Levenberg-
Marquardt method”, IEEE Trans. on Robotics, Vol.27, No.5, pp.984–991
(2011)

(35) A.A. Maciejewski and C.A. Klein: “The singular value decomposition: Com-
putation and applications to robotics”, Int. J. of Robotics Research, Vol.8,
No.6, pp.63–79 (1989)

(36) A.S. Deo and I.D. Walker: “Robot subtask performance with singularity
robustness using optimal damped least-squares”, Proc. IEEE Int. Conf. on
Robotics and Automation, pp.434–441 (1992)

(37) J.O. Kim and P.K. Khosla: “Dexterity measures for design and control of
manipulators”, Proc. IEEE/RSJ Int. Workshop on Intelligent Robots and Sys-
tems, Vol.2, pp.758–763 (1991)

(38) K. Ohnishi, M. Shibata, and T. Murakami: “Motion control for advanced
mechatronics”, IEEE/ASME Trans. on Mechatronics, Vol.1, No.1, pp.56–67
(1996)

(39) Y. Fujimoto and A. Kawamura: “Simulation of an autonomous biped walk-
ing robot including environmental force interaction”, IEEE Robotics and Au-
tomation Magazine, Vol.5, No.2, pp.33–42 (1998)

Kenta Nagano (Member) received a B.E. degree in symbiotic systems
science from Fukushima University in Fukushima,
Japan, in 2013 and M.E. and Ph.D. degrees in elec-
trical and computer engineering from Yokohama Na-
tional University in Yokohama, Japan, in 2015 and
2018, respectively. His research interests include
robotics, mechatronics, and motion control. He is a
member of IEE Japan, IEEE, and the Robotics Soci-
ety of Japan.

Yasutaka Fujimoto (Senior Member) received B.E., M.E., and Ph.D.
degrees in electrical and computer engineering from
Yokohama National University, Yokohama, Japan, in
1993, 1995, and 1998, respectively. In 1998, he
joined the Department of Electrical Engineering at
Keio University in Yokohama, Japan, as a research
associate. Since 1999, he has been with the De-
partment of Electrical and Computer Engineering at
Yokohama National University in Japan, where he is
currently a professor. His research interests include

motion control and actuators, in particular, the modeling and control of mo-
bile/legged robots and direct-drive actuators with high-thrust force density
and high back-drivability. He is a senior member of IEEE and a member of
the Robotics Society of Japan, SICE, JSAE, IEICE, and INFORMS.

755 IEEJ Journal IA, Vol.8, No.5, 2019



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


