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Fast-response with high-precision positioning for industrial robots is an indispensable requirement in a wide range
of applications. Nonetheless, resonant vibrations due to flexibilities in mechanical structures generally deteriorate their
motion performance. A practical approach to achieve fast and precise positioning is to use a two-degree-of-freedom
(2-DoF) control system with feedback and feedforward compensators. Conventionally, a cascade feedback control
system is constructed based on P-PI control, where the position and velocity controllers are respectively implemented
using a proportion (P) and a proportion-integrator (PI). The paper proposes robust vibration suppression using H∞
control as an alternative design for the feedback compensators in the 2-DoF cascade closed-loop control framework of
a flexible robot arm. Acceleration feedback is also applied to improve the control performance. The effectiveness of
the proposed design has been verified by conducting experiments using a prototype.
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1. Introduction

Modern industrial manipulators are usually required to
meet the industry’s demands for high-speed high-accuracy
applications. The requirement of precision gear systems has
resulted in an increasing implementation of the strain wave
gearing (SWG) in industrial robots thanks to its compactness,
high gear ratios, and zero backlash (1). Nevertheless, elastic
deformation in the flexspline of SWG often leads to negative
effects on control performance. Besides, there has been an in-
creasing interest in the use of soft materials with high flexibil-
ity to manufacture robots for safe interaction with humans (2).
Consequently, various mechanical resonant vibrations are ex-
cited in robot arms with SWG. Robust vibration suppression
problem in motion control of flexible robots is then required
to deal with many sources of disturbances and uncertainties,
such as load variation and nonlinear properties.

H∞ optimization is widely considered an efficient and pow-
erful tool to synthesize robust controllers. There are two main
H∞ optimization-based approaches to obtain a controller that
gives the desired robust performance: loop-shaping synthesis
and mixed-sensitivity synthesis. The H∞ loop-shaping syn-
thesis using Glover-McFarlane method (3) combines shaping
of the open-loop transfer function with H∞ robust stabiliza-
tion, while the H∞ mixed-sensitivity synthesis (4) and its vari-
ations directly shape closed-loop transfer functions (5).

In robotics, H∞ controller designs have been also reported
in many publications. Sage et al. conducted a survey of lin-
ear H∞ schemes for robot manipulators described by rigid
models in 1999 (6). Recently, H∞ control is applied to flex-
ible robots in various approaches. Axelsson et al. proposed
H∞ mixed-sensitivity and loop-shaping designs for a flexible
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joint in 2014 (7). Makarov et al. introduced an application of
H∞ framework to design both feedback and feedforward con-
trollers in 2-DoF control system in 2016 (8).

In the above papers, the closed-loop with only position
feedback was mentioned. To avoid low-frequency fluctua-
tion due to additional damping, velocity feedback should be
added in positioning systems (9). In industrial applications, a
velocity control loop is often cascaded with a position loop,
which forms the cascade closed-loop control structure (10).

On the other hand, the acceleration feedback (AFB) has
been successfully applied to improve the control performance
of flexible manipulators. Zhang (11) conducted a comparison
of speed control schemes for two-mass systems, which shows
that the system with AFB is better than the one without AFB
in the disturbance rejection. Kino et al. (12) proposed a mul-
tiple AFB design for the flexible robot modeled by a three-
mass system, where accelerations at both sides of the robot
link were fed back.

This paper presents a novel 2-DoF cascade closed-loop
control design with H∞ synthesis-based feedback controller,
together with co-prime factorization-based feedforward com-
pensators (13) and acceleration feedback, for the robot arm
modeled as a three-mass system. The design concentrates
on suppressing the vibrations due to the low stiffnesses of the
robot link and the gearing, as well as to ensure robustness
against load parameter variations.

2. Conventional Control System of Robot Arm

2.1 Configuration and Modeling of Experimental
Setup Figure 1 shows a schematic configuration of ex-
perimental setup. The robot arm used in experiments is a
horizontal single-axis one. It consists of an AC servo motor,
a strain wave gearing, and a flexible link. At both sides of
the gearing, optical encoders are installed to enable double
feedback control. The encoder mounted on the motor shaft
is used to measure the motor position, while the other one on
arm side of the gearing is attached to feed back the position
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Fig. 1. Configuration of experimental robot arm

Table 1. Specifications of experimental setup

Motor rated torque 1.27 Nm

Motor maximum instant torque 3.8 Nm

Motor rated speed 3000 rpm

Motor-side encoder resolution 217 pulse/rev

Arm-side encoder resolution 220 pulse/rev

Gear ratio 50

Fig. 2. Schematic diagram of three-mass system

Fig. 3. Block diagram of three-mass flexible model

of gearing’s output. In addition, some cylindrical loads are
stacked at the arm tip. The total load weight can be switched
between 10, 12.5, and 15 kg. Specifications of the experi-
mental setup are listed in Table 1.

Figure 2 shows a simplified schematic diagram of the robot
arm as a three-mass system. The movements of the whole
system are assumed to be around an axis not affected by
gravity (14). Flexibilities within the gearing and the link are
described by two linear springs. The block diagram of the
three-mass flexible model is shown in Fig. 3, where τ is the
input torque; Gdl(s) = e−Ls is the L-second delay component;
N is the gear ratio; θm, θa, and θl are the positions of mo-
tor, gearing’s output, and load at arm tip, respectively; Jm,
Ja, and Jl are the moments of inertia; Dm, Da, and Dl are the
viscous damping coefficients; K1 and K2 are the gearing and
link stiffnesses, respectively; f is the nonlinear friction.

Curve fitting-based identification results are shown in
Fig. 4, where blue lines represent experimental sine-sweep
data while red lines represent for the three-mass model’s
characteristics. They all exhibit two vibration modes: the
first results from the flexibility of the link, while the second is
excited due to the elastic deformation of the gearing. Notice
here that the phase characteristics in θm and θa are different
at the two modes: in-phase at the first vibration frequency,
while out-of-phase at the second one.

The model parameters for the 15 kg load case, which is
chosen to be nominal model, are listed in Table 2. As for the
other cases, there exist considerable variations of load param-
eters, shown in Table 3. In particular, Jl decreases by 22%
and 30%, while K2 increases by 33% and 120%, for 12.5 and
10 kg loads, respectively.
2.2 2-DoF Cascade Closed-loop Control System
The conventional one-degree-of-freedom (1-DoF) cascade

closed-loop control system of the robot arm, shown in Fig. 5,
includes two cascaded feedback loops: an arm position loop
outside and a motor velocity control loop inside. The posi-
tion controller is a proportion (P), and the velocity controller
is a proportion-integrator (PI) compensator:

Cp(s) = Kpp, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (1)

Cv(s) = Kvp

(
1 +

1
Tvi s

)
, · · · · · · · · · · · · · · · · · · · · · · · · · (2)

where the controller default parameters of the experimental
setup are listed in Table 4.

The conventional two-degree-of-freedom (2-DoF) control
framework, on the other hand, is composed of the above
feedback (FB) control system and feedforward (FF) compen-
sators. It is acknowledged to be a practical approach (15) for
achieving fast-response motion performance. Figure 6 shows
a block diagram of the 2-DoF cascade control system, where
the FF components are designed by a co-prime factorization.

In detail, assuming that the transfer functions from the in-
put torque to the motor and arm positions are expressed by

Pm(s) =
θm(s)
τ(s)

=
PNm(s)
PD(s)

, · · · · · · · · · · · · · · · · · · · · · · (3)

Pa(s) =
Nθa(s)
τ(s)

=
PNa(s)
PD(s)

, · · · · · · · · · · · · · · · · · · · · · · (4)

the FF compensators can be determined as follows:

Nm(s) =
PNm(s)
Fc(s)

, Na(s) =
PNa(s)
Fc(s)

, D(s) =
PD(s)
Fc(s)

,

· · · · · · · · · · · · · · · · · · · · (5)

where Fc(s)−1 is a low-pass filter with free parameters, which
makes the transfer functions of FF compensators to be proper.

The closed-loop transfer function from the reference r to
the arm position Nθa then becomes:

Tyr(s) = Na(s) =
PNa(s)
Fc(s)

. · · · · · · · · · · · · · · · · · · · · · · · · (6)

Theoretically, the FF compensators should be computed di-
rectly from transfer functions of three-mass model mentioned
in section 2.1. In practice, however, the three-mass-model-
based FF controllers require a complicated implementation
because of their high order and excessive gains. Therefore,
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Fig. 4. Bode plots of actual plant and three-mass model for different load weights

Table 2. Parameters of nominal three-mass model

N 50 K1 40000 Nm/rad K2 6200 Nm/rad

Jm 1.04 × 10−4 kgm2 Ja 0.65 kgm2 Jl 2.1 kgm2

Dm 1.4 × 10−4 Nms/rad Da 5 Nms/rad Dl 3 Nms/rad

Table 3. Variations of load parameters

Load weight Jl ΔJl K2 ΔK2

15 kg 2.1 kgm2 0% 6200 Nm/rad 0%

12.5 kg 1.64 kgm2 −22% 8250 Nm/rad +33%

10 kg 1.47 kgm2 −30% 13650 Nm/rad +120%

Fig. 5. Block diagram of 1-DoF cascade closed-loop
control system

Table 4. Parameters of P-PI controller

Kpp Kvp Tvi

25.1327 s−1 0.0391 Nms/rad 0.03 s

Fig. 6. Block diagram of 2-DoF cascade closed-loop
control system

in this design, the FF compensators can be calculated using
an approximate two-mass model of the plant, whose block
diagram is shown in Fig. 7. In this approximation, the joint

Fig. 7. Block diagram of reduced two-mass model

is assumed to be rigid, the nonlinear friction and phase delay
components are also neglected, hence we get:

Jmr = Jm +
Ja

N2
, Dmr = Dm +

Da

N2
, · · · · · · · · · · · · · · (7)

Jlr =
Jl

N2
, Dlr =

Dl

N2
, Kgr =

K2

N2
. · · · · · · · · · · · · · · · (8)

The transfer functions of the plant described by the two-
mass model can be easily obtained as follows (16):

PNa(s) = PNm(s) = Jlr s2 + Dlr s + Kgr, · · · · · · · · · · (9)

Pd(s) = Jmr Jlr s4 + (JmrDlr + JlrDmr)s3

+(DmrDlr+Kgr Jmr+Kgr Jlr)s2+Kgr(Dmr+Dlr)s.

· · · · · · · · · · · · · · · · · · · (10)

The low-pass filter Fc(s)−1 should be then the following
4th-order one:

Fc(s)−1 = K−1
gr

(
ωc

s + ωc

)4

, · · · · · · · · · · · · · · · · · · · · · · (11)

where the cut-off frequencyωc is chosen such that the control
bandwidth is as wide as possible. The factor K−1

gr is included
to make the closed-loop transfer function Tyr(s) in (6) equal
to 1 at s = 0, then to eliminate position error at steady state
according to Final Value Theorem. Parameters of the actual
FF compensators are listed in Table 5.
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Table 5. Parameters of two-mass model-based feedfor-
ward design

Jmr 3.64 × 10−4 kgm2 Jlr 8.4 × 10−4 kgm2

Dmr 21 × 10−4 Nms/rad Dlr 12 × 10−4 Nms/rad

Kgr 2.48 Nm/rad ωc 2π × 40 rad/s

(a) 15 kg load

(b) 12.5 kg load (c) 10 kg load

Fig. 8. Waveforms of arm position (θa) with conven-
tional P-PI control systems

2.3 Vibration Suppression Performance of Conven-
tional Control Systems with Load Variation Figure 8
shows comparative experimental response waveforms of arm
position with conventional 1-DoF and 2-DoF control sys-
tems, for a typical short-stroke positioning with amplitude
of 2 deg. As for the case of 15 kg, which the nominal model
is constructed based on, the 2-DoF control shows an effec-
tive vibration suppression compared with the 1-DoF control.
When the load weight decreases to 12.5 and 10 kg while FF
compensators are kept unchanged, the motion performance
with the 2-DoF control becomes worse.

To eliminate the effect of load variation in control perfor-
mance, the parameters Jl and K2 should be identified and
updated inside FF compensators corresponding to the load
changes. Nevertheless, it is not always possible to obtain
their precise values because of nonlinearities and complexity
of mechanical structure. Accordingly, a robust FB controller
design is expected to ease the 2-DoF control performance de-
terioration following the model error.

3. H∞ Synthesis-based Feedback Control Design

3.1 Gain-shaping Problem for 2-DoF Cascade Closed-
loop Control System A common approach to achieve
the robust performance of FB control system is H∞ mixed-
sensitivity synthesis (5). It aims at shaping the gains of the
closed-loop transfer function S (s) from the output distur-
bance to the output, which is called sensitivity function, and
the closed-loop transfer function T (s) from the reference to
the output, called complementary sensitivity function. For the
cascade closed-loop control system, the sensitivity and com-
plementary sensitivity functions are computed as follows:

S (s) =
1 +Cv(s)sPm(s)

1 +Cv(s)sPm(s) +Cp(s)Cv(s)Pa(s)
, · · · · (12)

Fig. 9. Block diagram of 2-DoF control system with
presence of model errors in FF compensators

Fig. 10. Block diagram of FB control system with dis-
turbances

T (s) =
Cp(s)Cv(s)Pa(s)

1 +Cv(s)sPm(s) +Cp(s)Cv(s)Pa(s)
. · · · · · (13)

In the 2-DoF control system, not only two above sensitivity
functions, but the effect of model errors in FF compensators
is also considered. The influence of the difference between
the ideal FF compensators that fits with actual plant, and the
actual FF compensators that are calculated from the nomi-
nal model, is characterized by the disturbances d1, d2, and d3

shown in Fig. 9. The closed-loop transfer functions from d1,
d2, and d3 to the output Nθa, denoted by Gd1(s), Gd2(s), and
Gd3(s), respectively, can be determined as follows:

Gd1(s)=
Pa(s)

1+Cv(s)sPm(s)+Cp(s)Cv(s)Pa(s)
, · · · · (14)

Gd2(s)=
Cv(s)Pa(s)

1+Cv(s)sPm(s)+Cp(s)Cv(s)Pa(s)
, · · · · (15)

Gd3(s)=
Cp(s)Cv(s)Pa(s)

1+Cv(s)sPm(s)+Cp(s)Cv(s)Pa(s)
. · · · · · (16)

From the viewpoint of FB control system shown in Fig. 10,
the gains of transfer functions from all disturbances includ-
ing the output disturbance ds and FF-generated ones: d1, d2,
and d3, to the output should be bounded. The disturbance
rejection requires adding the three transfer functions Gd1(s),
Gd2(s), and Gd3(s) to the gain-shaping problem, besides sen-
sitivity function S (s) and complementary sensitivity function
T (s). Notice that Gd3(s) is identical to T (s), thus, in to-
tal there are four transfer functions S (s), T (s), Gd1(s), and
Gd2(s) included in the gain-shaping problem of H∞ design.
3.2 Structure of H∞ Synthesis Figure 11 shows a

block diagram of the H∞ synthesis proposed for the problem
of shaping four transfer functions S (s), T (s), Gd1(s), and
Gd2(s). The position and velocity controllers are combined
into a controller K(s) whose two inputs are the trajectory
tracking error r′ − Nθa and the motor velocity ωm = θ̇m, with
one output is the torque τre f , as follows:

τre f = K(s)

[
r′ − Nθa
ωm

]
· · · · · · · · · · · · · · · · · · · · · · · (17)

=
[

K1(s) −K2(s)
] [ r′ − Nθa

ωm

]
. · · · · · · · · (18)
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Fig. 11. Block diagram of H∞ synthesis

Fig. 12. Simplified diagram of H∞ synthesis

Four weighting functions Ws(s), Wt(s), Wd1(s) and Wd2(s)
are applied to output’s disturbance ds, reference r′, FF-
generated disturbances d1 and d2, respectively.

The system in Fig. 11 can be converted to the classical for-
mulation of H∞ synthesis as shown in Fig. 12, where the aug-
mented plant Pw f is composed of the ordinary plant P and the
weighting functions. Then, the generalized closed-loop func-
tion Tzw from the disturbance

w =
[

d′s d′r d′1 d′2
]T · · · · · · · · · · · · · · · · · · · · · · (19)

to the evaluation output z = Nθa is given by

Tzw =
[

WsS WtT Wd1Gd1 Wd2Gd2

]
, · · · · · (20)

where S (s), T (s), Gd1(s), and Gd2(s) are determined by

S (s) =
1 + K2(s)sPm(s)

1 + K2(s)sPm(s) + K1(s)Pa(s)
, · · · · · · · · · (21)

T (s) =
K1(s)Pa(s)

1 + K2(s)sPm(s) + K1(s)Pa(s)
, · · · · · · · · · (22)

Gd1(s) =
Pa(s)

1 + K2(s)sPm(s) + K1(s)Pa(s)
, · · · · · · · (23)

Gd2(s) =
K2(s)Pa(s)

1 + K2(s)sPm(s) + K1(s)Pa(s)
. · · · · · · · · (24)

The task of design is to find the controller(s) K(s) that
makes ||Tzw(s)||∞ < 1, then the gains of S (s), T (s), Gd1(s),
and Gd2(s) are bounded by the inverse of corresponding
weighting functions as follows:

|S (s)| <
∣∣∣∣∣ 1
Ws(s)

∣∣∣∣∣ , · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (25)

|T (s)| <
∣∣∣∣∣ 1
Wt(s)

∣∣∣∣∣ , · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (26)

|Gd1(s)| <
∣∣∣∣∣ 1
Wd1(s)

∣∣∣∣∣ , · · · · · · · · · · · · · · · · · · · · · · · · · · · (27)

|Gd2(s)| <
∣∣∣∣∣ 1
Wd2(s)

∣∣∣∣∣ . · · · · · · · · · · · · · · · · · · · · · · · · · · · (28)

3.3 Selection of Weighting Functions Robustness of

H∞ synthesis-based control system greatly depends on the
choice of weighting functions. Among the four weighting
functions being considered, the two weights for the sensi-
tivity and complementary sensitivity gains |S (s)| and |T (s)|
should take priority because of their importance in robust sta-
bility of FB control system. The former specifies the tracking
performance of FB system with the nominal plant, while the
latter guarantees the robust stability against model error.

In detail, to obtain a nominally stable FB system, |S (s)|
should be kept small by choosing |Ws(s)|−1 having a small
upper-limit. Moreover, an ideal Ws(s) should have an integral
part s−1 to eliminate steady error. However, H∞ control tech-
niques generally requires that the weighting functions con-
tains no unstable poles (17), hence an alternative integral part
(s + ε)−1, where ε is a small positive number. The following
function satisfying the above specifications has been selected
for sensitivity function’s weight:

Ws(s) = 0.32
s + 2π · 2
s + 0.001

. · · · · · · · · · · · · · · · · · · · · · · · · (29)

As for the complementary sensitivity function’s weight,
|Wt(s)| should be greater than the gain of multiplicative un-
certainty for every frequency:

|ΔWt(s)| > |Δm(s)| =
∣∣∣∣∣P(s) − Pn(s)

Pn(s)

∣∣∣∣∣ , · · · · · · · · · · · · · (30)

where P(s) is the actual plant and Pn(s) is the nominal model.
The nominal complementary sensitivity function then sat-

isfies the following inequality:

|T (s)| <
∣∣∣∣∣ 1
Wt(s)

∣∣∣∣∣ <
∣∣∣∣∣ 1
Δm(s)

∣∣∣∣∣ . · · · · · · · · · · · · · · · · · · · · · (31)

Thus, according to the small gain theorem, the closed-loop
is robustly stable with all designated cases of multiplicative
uncertainty (18). The weighting function that meets the condi-
tion (30) is chosen as follows:

Wt(s)=

(
90

s+2π · 20
s+2π · 2000

)4

· s2+240.5s+2988
s2+1.093s+2988

.

· · · · · · · · · · · · · · · · · · · (32)

Figure 13 illustrates the satisfaction of the above weight-
ing function with the requirement (30). The gain of Δm(s)
always has a peak at the anti-resonant frequency of the nom-
inal plant. Therefore, the Notch filter, which is the second
factor in expression (32), has been applied to make |Wt(s)|
cover these peaks.

Finally, the weights for |Gd1(s)| and |Gd2(s)| are selected
such that these gains do not exceed −14 dB, as follows:

Wd1(s) = 5
s + 2π · 0.5
s + 0.0001

, · · · · · · · · · · · · · · · · · · · · · · · · (33)

Wd2(s) = 5. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (34)

3.4 Calculation and Normalization of H∞ Controller
An H∞ controller including two stable 3rd-order trans-

fer functions K1(s) and K2(s) is obtained using non-smooth
H∞ synthesis (19), which is implemented by MATLAB Robust
Control Toolbox’s function Hinfstruct. In order to make the
proposed H∞ controller work together with the FF compen-
sators as well as make comparisons between controller de-
signs become clearer, the two-input-one-output controller in
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Fig. 13. Gain characteristics of multiplicative uncer-
tainty Δm(s) in cases of 12.5 and 10 kg load, and weight-
ing function Wt(s)

(a) (b)

Fig. 14. Gain characteristics of position controller Cp(s)
(a), and velocity controller Cv(s) (b)

Fig. 11 is converted into position and velocity controllers the
same as the conventional structure shown in Fig. 6, by the
following formulations:

Cp(s) =
K1(s)
K2(s)

, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (35)

Cv(s) = K2(s). · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (36)

Figure 14 shows the gain characteristics of Cp(s) and Cv(s)
with conventional P-PI (blue lines), traditional H∞ mixed
sensitivity synthesis-based (green lines), and the proposed
H∞ synthesis-based (red lines) designs. The traditional H∞
synthesis without shaping |Gd1(s)| and |Gd2(s)| gives the ve-
locity controller Cv(s) with small gain at low frequency range,
which potentially leads to steady-state errors. As for the pro-
posed one, since equations (23), (24) and (36), we obtain:

Cv(s) =
Gd2(s)
Gd1(s)

. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (37)

Therefore, the desired shape of |Cv(s)| can be achieved by
shaping |Gd1(s)| and |Gd2(s)|.
3.5 Robustness Improvement with H∞ Controller
The evaluation of robustness with the proposed H∞ con-

trol and the conventional P-PI control-based designs is firstly
shown by frequency response shapes. Figure 15 shows the
gain characteristics of four transfer functions S (s), T (s),
Gd1(s), and Gd2(s), with the selected corresponding weight-
ing functions. Comparing the two designs, a lower gain char-
acteristic of the complementary sensitivity function T (s) for
every frequency is obtained with the H∞ controller. As for
the sensitivity function, the gain |S (s)| is reduced at vibra-
tion frequency, however, increases at low-frequency range. It
can be explained by the waterbed effect, or Bode’s sensitivity
integral (20). In fact, a slight increase in |S (s)| at low frequen-
cies is acceptable because the tracking performance of 2-DoF
control system is decided by FF compensators according to

(a) (b)

(c) (d)

Fig. 15. Gain characteristics of four transfer functions:
(a) Sensitivity function S (s), (b) Complementary sensi-
tivity function T (s), (c) d1-disturbance rejection function
Gd1(s), (d) d2-disturbance rejection function Gd2(s)

Fig. 16. Gain characteristics of tracking closed-loop
function

(a) (b)

Fig. 17. Nyquist plots: (a) P-PI control, (b) H∞ control.

the equation (6). Figure 16 shows the tracking closed-loop
characteristics Tyr(s) for the nominal case, with the FF char-
acteristic Na(s). It can be seen that the bandwidth of tracking
closed-loop function is almost the same between two designs.

Furthermore, the robust stability is proven by the Nyquist
plots of open-loop as shown in Fig. 17. The H∞ control
design (b) shows Nyquist loci further away from the point
(−1; 0) than those of the P-PI control design (a).

To clarify the improvement of robust performance, some
numerical evaluations are listed in Table 6. By using H∞
control, the gain and phase margins are improved noticeably,
while the peak gains of sensitivity functions are also sup-
pressed considerably.

4. Acceleration Feedback Control

The acceleration feedback (AFB) has been commonly used
to improve the disturbance rejection performance in vibration
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Table 6. Comparison of robustness criteria

Conventional P-PI control Proposed H∞ control

Gain margin [dB] 11.26 23.59

Phase margin [deg] 52.75 75.60

|S |max [dB] 4.74 1.58

|T |max [dB] 1.05 0.001

Fig. 18. Plant with acceleration feedback

Fig. 19. Block diagram of 2-DoF cascade closed-loop
control system with acceleration feedback

suppression control systems (11) (12) (21) (22). In this application,
due to the lack of load accelerometer at the arm tip, only arm
acceleration at the gearing’s output is fed back to the motor
torque. An observer of load acceleration at the arm tip will
be considered for future works.

Figure 18 shows the block diagram of the new plant with
acceleration feedback, where τCv is the velocity controller
output, and Fa is the AFB gain. The transfer functions of
the new plant are then expressed as follows:

P′m(s) =
θm(s)
τCv(s)

=
PNm(s)

PD(s) + Fas2PNa(s)
=

PNm(s)
P′D(s)

,

· · · · · · · · · · · · · · · · · · · (38)

P′a(s) =
Nθa(s)
τCv(s)

=
PNa(s)

PD(s) + Fas2PNa(s)
=

PNa(s)
P′D(s)

.

· · · · · · · · · · · · · · · · · · · (39)

Comparing the plants with and without AFB, the nu-
merators keep constant while the denumerator increases by
ΔPD(s) = Fas2PNa(s). Therefore, if adding

ΔPD(s)
Fc(s)

=
Fas2PNa(s)

Fc(s)
= Fas2Na(s) · · · · · · · · · · · · (40)

to D(s) in equation (5), the tracking closed-loop function
Tyr(s) expressed by equation (6) does not change. It leads
to the derivation of the FF component that compensates for
the AFB component, as shown in Fig. 19.

This design conserves the reference tracking characteristic
but affects the disturbance rejection by changing S (s), T (s),
Gd1(s), and Gd2(s) whose expressions are shown in equations
(12)–(15). The common denumerator of those transfer func-
tions is a high-order polynomial with the coefficients depend-
ing on Fa. The AFB gain can then be determined through
a pole placement design (11) (12). However, an arbitrary pole

Fig. 20. Block diagram of undamped two-mass system
with load acceleration feedback

Table 7. Acceleration feedback gain for load weights

Load weight Jmr Jlr r0 Fa

15 kg 3.64 × 10−4 8.4 × 10−4 1.82 5.6 × 10−4

12.5 kg 3.64 × 10−4 6.6 × 10−4 1.68 7.4 × 10−4

10 kg 3.64 × 10−4 5.9 × 10−4 1.62 8.1 × 10−4

placement can not be performed here because the order of
the denumerator is not less than 7 while the number of AFB
parameters is only 1. Thus, the state feedback (23) should be
applied together with the AFB design for a perfect theoretical
approach.

For a simple theoretical calculation, we can obtain the AFB
gain by using the following formula (21), under the assumption
that the plant is an undamped two-mass system as shown in
Fig. 20:

Fa = Jmr(r
2
d − r2

0), · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (41)

where rd is the desired resonance ratio, and

r0 =

√
Jmr + Jlr

Jmr
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (42)

is the natural resonance ratio without AFB (Fa = 0).
Briefly, the higher resonance ratio results in the better

damping but the lower control bandwidth. The optimal range
of resonance ratio, therefore, was given by Goubej (24) as√

3 ≤ r ≤ √5. In this stage, although the actual target system
is a three-mass one, we theoretically apply this method under
the assumption that the plant behaves like a two-mass system
with the primary vibration mode. For a good damping per-
formance, assign rd = 2.2, then the calculation results of Fa

corresponding to different load weights are listed in Table 7.

5. Experimental Results

The proposed controllers have been discretized using the
bilinear transform with a sampling time of Ts = 250 μs for
experimentation. In all experiments, the robot arm is manip-
ulated by the 2-DoF cascade closed-loop control framework
with the consistent FF compensator design. An S-shaped po-
sition reference with 2-deg amplitude is applied the same as
the experiments that are introduced in section 2.3.

Figure 21 shows comparative waveforms of arm position
between different feedback controller designs, for different
weights of load. The horizontal dashed lines denote the de-
sired accuracy of ±0.02 deg, blue lines represent the conven-
tional system based on P-PI control, while red lines represent
the proposed system based on H∞ control and acceleration
feedback. The two more waveforms corresponding to P-PI
controller with AFB (dotted cyan lines), and H∞ controller
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(a) 15 kg load

(b) 12.5 kg load (c) 10 kg load

Fig. 21. Response waveforms of arm position (θa) with
different controller types

without AFB (dashed magenta lines), are added in this com-
parison to clearly indicate the importance of each component
in the combination of H∞ controller and AFB.

The difference in response waveforms between controller
designs is not considerable for the nominal case of 15 kg
load because of insignificant model error. In the cases of
12.5 and 10 kg loads, the H∞ control-based systems shows
better performance with considerably smaller overshoot and
faster response than the P-PI control-based ones. Between
H∞ synthesis-based systems, the design with AFB shows a
slightly smaller overshoot and undershoot than the design
without AFB.

6. Conclusion

In this paper, a 2-DoF cascade closed-loop control system
consisting of static FF compensators and H∞ synthesis-based
robust FB controllers, combining with acceleration feedback,
has been proposed to suppress the mechanical vibration due
to the flexibilities of robot link and gearing for an actual
single-axis robot arm. The static FF compensators have been
computed based on co-prime factorization expression of an
approximate two-mass model of the nominal plant for sim-
plicity; while the FB controllers have been designed by a
modification of H∞ mixed-sensitivity synthesis considering
disturbances from FF compensators. Acceleration feedback
has been applied to the 2-DoF control system, aiming to in-
crease the effectiveness of vibration suppression.

The robustness improvement of the proposed method has
been proven by the drops in peak gains of sensitivity and
complementary sensitivity functions as well as the increases
in gain and phase margins. Also, the proposed design has
been verified by experiments. In comparison with the con-
ventional system using P-PI control, overshoot and settling
time obtained by the proposed design remarkably decrease
for the cases in which the model error becomes appreciable.
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