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A linear generator system is expected to realize a highly efficient free-piston generation engine. The efficiency of
the system mainly depends on the generation and thermal efficiencies of the engine. The generation efficiency de-
creases owing to a large braking force on the expansion stroke and a speed reduction at the ends of the stroke. This
paper proposes generation control with resonance and output drop that improves the generation efficiency during the
expansion stroke. When changing the amount of consumed fuel, the condition to maximize the electricity generation
can be achieved by optimizing the ratio of the iron to copper losses. Furthermore, the proposed method improves the
combustion performance of the engine by ensuring ideal speed at the combustion start position.
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1. Introduction

In order to realize socially sustainable vehicles, improving
the thermal efficiency of car engines is profoundly promoted
by the Japanese Ministry of Internal Affairs and Communi-
cations. For this purpose, series hybrid systems (SHVs) are
installed with an engine generator and a rechargeable bat-
tery. The rotary generators in this system are expected to
realize high generation efficiency. In contrast, low maximum
thermal efficiency and machine losses of crank mechanisms
limit the system performances of conventional engines. The
largest thermal and generation efficiencies of current SHVs
are approximately 39% and 98% (1), respectively, and the es-
timated total system performance is approximately 38%. To
achieve high-efficiency hybrid vehicles, researchers have pro-
posed a new car generator system called the free-piston en-
gine linear generator (FPEG) system (2)–(6).

The FPEG system is expected to incur fewer thermal losses
and machine losses compared with SHVs. On the other hand,
the generation efficiency of an FPEG system is lower than
that of a rotary generator, which can continue generating
electricity at a constant output. The efficiency of the FPEG
system is reduced by the low speed at the end of the stroke
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and the momentarily large braking force after combustion.
In a previous study, the generation loss was reduced by a
resonance and output drop control that optimizes the elec-
tricity generation by the expansion and compression trips (7).
Moreover, we reported on the design for linear generators by
considering a large combustion force (8). However, the set-
ting method of the operating range of generation control with
resonance and output drop was not investigated (7). This pa-
per clarifies the manner in which the setting operation ranges
of generation control influence the resonance for reduction
generation loss and improve top dead center (TDC) position
precision.

2. System Configuration and Conditions

2.1 Structure Figure 1 shows the physical model of
the FPEG system. The free piston is wrapped by a linear gen-
erator coil and installed with a permanent magnet to gener-
ate electricity. The free piston with the permanent magnet is
pushed by combustion and spring repulsion forces. The coil
generates electricity via induction, which charges the battery
for the car driving. The piston movement is controlled by
coordinating the braking force to the piston with an inverter.

The assumed equation of motion is given by Eq. (1). The
TDC is defined at x = 0 and the bottom dead center (BDC)
xb is free.

m
d2x
dt2
= Fc − Fg − Fl (N) · · · · · · · · · · · · · · · · · · · · · · (1)

where m and x denote the mass and position of the piston,
respectively, and Fc, Fg, and Fl are the combustion, spring
repulsion, and generation braking forces, respectively.
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(a) Action model

(b) Circuit model

Fig. 1. Physical models of the FPEG system

2.2 Simulator The efficiency simulator of the
FPEG system was constructed using the MATLAB-Simulink
software. The linkages were defined by the motion and cir-
cuit equations. Figure 2 shows a block diagram of the FPEG
simulator. The combustion force is calculated using Eq. (2).
The combustion pressure pc is given by Eq. (3) considering
the sampling time in this simulation. The first term is based
on Eq. (4) according to the governing equation of an adiabatic
process. The second term indicates an additional pressure dp
due to the combustion. The heat of combustion is converted
into pressure using the first law of thermodynamics, as rep-
resented in Eq. (5). The heat release rate of combustion ΔPi

continues for several milliseconds after passing the combus-
tion start position xs. The combustion pressure is released
at atmospheric pressure pa at the scavenging position xa to
simulate a two-stroke cycle engine, as represented in Eq. (3).
The spring repulsion and generation braking forces are cal-
culated by Eqs. (6) and (7), respectively. Figure 1(b) shows
the equivalent circuit model of the FPEG system. The circuit
model is solved for the current in the U, V, and W phases.

Fig. 2. Block diagram of the FPEG simulator

Fc(t) = Ac × pc(t) (N) · · · · · · · · · · · · · · · · · · · · · · · · · (2)

pc(t)=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
pc(t−Δt) ×

(
Vc(t−Δt)

Vc(t)

)κ
+dp (if x< xa)

pa (if x> xa)

(N) · · · · · · · · · · · · · · · · · · · (3)

p = p0

(
V0

p

)κ
(Pa) · · · · · · · · · · · · · · · · · · · · · · · · · · · · (4)

dp =
ΔPi × (Δt/ΔtQ) × (κ − 1)

Vc(t)
(Pa) · · · · · · · · · · · · (5)

Fg(t) = Kgx + Fa (N) · · · · · · · · · · · · · · · · · · · · · · · · · (6)

Fl(t) = Kfiu cos
(
π

τ
x
)
+ Kf iv cos

(
π

τ
x − 2π

3

)

+Kfiw cos

(
π

τ
x − 4π

3

)
(N) · · · · · · · · · · · · · · (7)

where Ac is the bore area, Vc is the volume of the combustion
chamber, and κ is the specific heat ratio. Δt and ΔtQ are the
sampling times of the simulator and the heat-release rate, re-
spectively. Kg, Fa, and Kf denote the spring constant, spring
thrust offset, and thrust constant, respectively. iu, iv, and iw
are the currents of the U, V, and W phases, respectively, and
τ is the pole pitch.

The generator current is controlled by a pulse-width-
modulated (PWM) signal with speed proportional-integral
(PI) control, current PI control, vector control, and non-
interference control. Figure 2 shows a block diagram for the
current control. The PWM signal is generated by the trian-
gle wave comparison method, and the carrier frequency is
10 kHz. In the vector control system, the generation braking
force is proportional to the q-axis current, and Eq. (7) is re-
placed by Eq. (8). Here, the generation braking force is gov-
erned only by the electric current iq along the q-axis in the
vector space (under vector control, id = 0):

F1 =
3
2

Kfiq (N) · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (8)
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where iq is the q-axis current in the vector space.
The FPEG system was designed using the electromagnetic

field analysis software JMAG-designer and SOLIDWORKS.
The structure of the cylindrical linear generator is shown in
Fig. 3. The permanent magnet adopts a Halbach structure.
The generator constants, designed to reduce the copper loss
and increase the thrust properties, are listed in Table 1 (8).

Figure 4 shows the energy balance in the proposed FPEG
system. The fuel combustion heat Pi is the input and bat-
tery electricity Po is the output. The losses are the exhaust
thermal loss Qt, copper loss Qc, and iron loss Qi. The fric-
tion between a piston and a cylinder is primarily affected by
the lubricating oil, which depends on the piston speed and
the combustion chamber temperature (9). However, assuming
a friction value is difficult owing to various factors (such as
cooling, and oil heat conduction). Therefore, this study does
not consider the friction loss of the free piston Qr while dis-
cussing improvements in the generation efficiency. The sys-
tem efficiency ηs is calculated using Eq. (9), which considers
the friction loss to be zero. The piston power Pp (Eq. (10))
is obtained by integrating the combustion force. The genera-
tion efficiency ηe is given by Eq. (11). The battery electricity
is the output current multiplied by the output voltage. The
switching loss of the inverter was assumed to be negligible
for simplicity.

Fig. 3. Structure of the generator (unit: mm)

Table 1. Specifications of the generator

Fig. 4. Energy flow in the FPEG system

ηs =
Po

Pi
× 100 =

Pi − Qt − Qr − Qc − Qi

Pi
× 100

≈ Pi − Qt

Pi
× Pi − Qt − Qc − Qi

Pi − Qt
× 100

=
ηh

100
× ηe

100
× 100 (%) · · · · · · · · · · · · · · · · · · · · (9)

Pp = f ×
∫

Fcdx (W) · · · · · · · · · · · · · · · · · · · · · · · (10)

ηe =
Po

Pp
× 100 =

Io × Vo

Pp
× 100 (%) · · · · · · · · · · (11)

where ηh is the thermal efficiency, and f is the piston fre-
quency.

3. Resonant Output Distribution Control

3.1 Principal Immediately after combustion, the cop-
per loss in the FPEG system increases as a result of speed
reduction at the end of the stroke and the large braking force
at the time of the expansion trip. When the generation brak-
ing force is proportional to the piston speed, the operating
range as seen on the efficiency map is described by line-(1)
in Fig. 5. The generation efficiency is approximately 90%,
accounting for the copper loss alone (7). The generation effi-
ciency is thought to be reduced by electricity generation in
the low-efficiency domain. Figure 5 also shows a character-
istic curve (the force–velocity curve) that is based on the ca-
pacity of the generator and inverter. The d-axis current for
field weakening is necessary to prevent the piston from being
uncontrollably beyond the characteristic curve (10).

In this study, the resonant output distribution (ROD) con-
trol is defined, line-(2), as shown in Fig. 5. This control char-
acteristic is resonant, and the maximum output drop nearly
transfers the output from an expansion to a compression trip
using the piston inertia and spring force, as shown in Fig. 6 (7).
An ROD is expected for a similar operation of the rotary gen-
erator, which can maintain almost constant output and high
efficiency. Furthermore, this control does not generate elec-
tricity at low velocity at the motion edge on the efficiency
drop area owing to the reciprocating movement peculiar to a
linear motion system. Therefore, the ROD control effectively
reduces the copper loss. The total generation efficiency also
increases according to the operating generation in the high
efficiency area line-(2), as shown in Fig. 5. The operating

Fig. 5. Operating range of the FPEG system with ROD
control on the efficiency map
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Fig. 6. Effect of a long stroke with ROD control

range is given by Eq. (12), and the operation line of the ROD
control is decided via the following methods (7).

1) The generation braking force Kl is set considering
the approach to a resonance state by the spring-mass-
damping model, which is very similar to this system.

2) The maximum generation braking force Fl−max is set
to generate a high efficiency area and an operation line
not beyond the Fl − v curve in the efficiency map. (The
method to decide Fl−max by considering the Fl−v curve
is described in Section 4.1.)

3) The generation velocity limit vl is set considering the
piston reciprocating continuously and the efficiency
drop in the low velocity at the motion edge in the effi-
ciency map. (The method to decide vl taking into ac-
count the TDC position accuracy is described in Sec-
tion 4.2.)

The ROD control can distribute the generated output from
the expansion stroke to the compression stroke via exten-
sion of the stroke using the resonance. The power genera-
tion of the expansion stroke and the compression stroke are

(a) Heat release ratio (b) Combustion force (Time dependence) (c) Combustion force (Position dependence)

(d) Piston position (e) Generation braking force (f) Power of output

Fig. 7. Simulation results with the ROD control

equalized by suppressing the maximum generation braking
force. Furthermore, the d-axis current for the field weaken-
ing control is unnecessary by setting the operation line not
beyond the Fl − v curve in the efficiency map. For these rea-
sons, the generation efficiency can be reduced.

Fl =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 (v < vl)
Klv (v > vl)
Fl−max (Fl > Fl−max)

(N) · · · · · · · · · · · · · (12)

where Kl is the generation braking constant, v is the piston ve-
locity, and Fl−max is the maximum generation braking force.
3.2 Effect Figure 7 and Table 2 show the simula-

tion results of the FPEG with the ROD control. The heat
release ratio, is given at combustion start position at every
1 stroke, which means system input, as shown in Fig. 7(a).
As the piston reciprocates, the combustion force follows an
Otto cycle (Figs. 7(b)–(d)). Decreasing the spring constant
increases the stroke movement by 30 mm. The ROD effect
clearly appears in Fig. 7(e), which means the high generation
braking force on the expansion stroke is limited. The dif-
ference of maximum output power between each stroke was
lower with the ROD than without the ROD as in Fig. 7(f), and
the compression-stroke generation was higher than without
the ROD. The copper loss was reduced despite the high com-
bustion output. Accounting for both copper and iron losses,
the generation efficiency ηe increases up to 95%.

The d-axis current is kept near zero as a secondary effect,
i.e., not beyond the characteristic curve with the ROD. In this
system, a large generation braking force is necessary at the
time of high-speed piston movement without the ROD be-
cause an instantaneous and large combustion energy is input
into a linear generator. Therefore, the operation range must
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Table 2. Simulation results with the ROD control

not be considered beyond the Fl − v curve. The larger bat-
tery voltage and generator size can transfer the Fl − v curve
to a higher output area. However, an upper limit level exists
while considering car deployment. Therefore, the ROD can
optimize the operation area of the generated braking force
within the Fl − v curve to maintain higher generation effi-
ciency. The effect of this control is remarkable in the case of
low friction. A setting considering not only generation loss
but also friction loss is required in an actual machine.
3.3 Estimation of Generation Efficiency In prac-

tice, the amount of fuel consumption for electricity genera-
tion is affected by factors, such as system capacity. There-
fore, the generation efficiency trends were investigated while
reducing the fuel amount.

The piston motion approximately follows Eq. (13), indi-
cating that the FPEG system is similar to a forced-damped-
vibration model in the dynamics. This system is nearly in
the resonant state because combustion is constantly triggered
near the TDC during the compression stroke. Therefore, the
piston position, stroke extent, and average piston speed are
described by Eqs. (14), (15), and (16), respectively.

The copper loss reduction when restraining the burning en-
ergy is explained as follows by this model. When the com-
bustion energy reduces by one-half, the combustion force
and the generation braking constant must also be halved by
Eq. (15), and the generation braking force is restrained by
maintaining the piston stroke uniformity. The q-axis current
is controlled to one-half and copper loss is one-quarter by
Eqs. (8) and (17), respectively. The copper loss is inversely
proportional to the square of the input energy by maintaining
the same stroke.

We now explain why the iron loss is unaffected by the
burning energy. The iron loss is caused by the magnetic flux
with the magnets and the armature current. Figure 8 shows
the influence of iron loss by flux linkage’s in a generation
braking current changing at constant speed in the finite ele-
ment method (FEM) analysis. The iron loss by the magnetic
flux of the permanent magnets is dominant because the ef-
fect by the armature current is small, as shown in Fig. 8. The
magnetic flux with the electric current nearly crosslinks at
the edge of the armature teeth and cancels the magnetic flux
with the magnets (8). Therefore, the iron loss is nearly zero
at the edge of the low current area. Conversely, in most of
the armature except the edges, iron loss occurs almost en-
tirely via the magnetic flux with the magnets. The influence
of the permanent magnets is dominant in the entire generator.

Fig. 8. Dependence of the iron loss on the armature
current

Fig. 9. Efficiency versus the fuel consumption ratio

The iron loss via the magnetic flux of the permanent mag-
nets is mainly proportional to the velocity. Therefore, the
iron loss is nearly unchanged when restraining the burning
energy because the average velocity remains constant when
maintaining the same stroke.

Finally, the generation efficiency is discussed. The gener-
ation efficiency accounts for the copper and iron losses. It
can also be expressed in terms of the fuel consumption ratio
n (Eq. (18)). In general, the piston work Pp is almost pro-
portional to the amount of fuel consumed. The maximum
generation efficiency is accomplished when minimizing the
copper and iron losses with Eq. (19). Eq. (20) is the condi-
tion of maximum generation efficiency. Figure 9 plots the
generation efficiency versus n calculated by Eq. (20) under
the conditions of lines-a and b on Fig. 9. For the standard
amount of fuel (n = 1), the copper and iron losses sum to
200 W under both conditions. Under the conditions of line
(b), the inflection point of the efficiency appears at n = 0.9.
When changing the amount of consumed fuel, the condition
to maximize the electricity generation exists by optimization
the ratio of the iron to copper losses.

mẍ + K1
′ ẋ + Kg

′x = f (t) = F0 sinωt (N) · · · · · · (13)

x = xb
′ sin(ωt + δ) (m) · · · · · · · · · · · · · · · · · · · · · · · (14)

xb
′ =

1
Kl
′

√
m

Kg
′ F0 (m) · · · · · · · · · · · · · · · · · · · · · · (15)

vave = 4 f xb =
2F0

πKl
′ (m/s) · · · · · · · · · · · · · · · · · · · · (16)

Qc = iq
2Ra (W) · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (17)
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ηe(n) =
nPp − n2Qc − Qi

nPp
× 100

=

Pp − nQc − 1
n

Qi

Pp
× 100 (%) · · · · · · · · · · (18)

d
dn

(
nQc +

1
n

Qi

)
= 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · (19)

Qi = n2Qc (W) · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (20)

where Kl’ (N/m/s) and Kg’ (N/m) are the damping and spring
constants, respectively. xb’ is the piston stroke (m), ω’ is the
angular frequency of the external force (rad/s), δ is the phase
contrast (rad/s), vave’ is the average piston velocity (m/s), and
f ’ is the frequency of the moving piston (Hz) in a forced-
damped-vibration model. Ra is the armature resistance (Ω).

4. Method for Setting the Operating Range Ac-
counting for Higher System Performance

4.1 Consideration of Characteristic Curve The op-
eration line of generation braking force should be restrained
within the characteristic curve because increasing electric
current along the d-axis for weakening field (line (1) on
Fig. 5, which is beyond the characteristic curve). Therefore,
a setting of operation line should consider the characteristic
curve.

Considering the energy balance in the system shown
in Fig. 4, the piston reciprocates as defined sine curve in
Eq. (14). In particular, the piston work Wp must be absorbed
by the work of generation braking Wl during one stroke for
maintaining the reciprocation, as shown in Eq. (21). The
piston velocity (Eq. (22)) is obtained by differentiating the
vibration-damping model (Eq. (14)). Using Eqs. (22) and
(12) with ROD, the generation braking work in Eq. (21) can
be re-expressed as Eq. (23). Furthermore, assuming non sine
curve movement of the piston, the velocity of Eq. (22) can
be solved by differentiating the piston position x(t). Eq. (23)
is satisfied when the piston moves inside the characteristic
curve under the conditions of Fig. 7 with ROD. This equation
is effective when setting of operation line.

Wp = Wl =

∫
Fldx (J) · · · · · · · · · · · · · · · · · · · · · · · (21)

v =
dx
dt
= ωxb cos(ωt + δ)

= ωxb

√
xb

2 − x2

xb
= ω

√
xb

2 − x2 (m/s) · · · · · · (22)

Wl =

∫ xb/2

−xb/2
(Klω

√
xb

2 − x2 + Fl−max)dx

=

[(
Klω

2
x
√

xb
2 − x2 + xb

2 sin−1 x
xb
+ Fl−maxx

)]xb/2

−xb/2

≈
√

3Klω

4
xb

2 + Fl−maxxb (J) · · · · · · · · · · · · · · (23)

4.2 Consideration of TDC The TDC position af-
fects the combustion performance and the heat loss in the
ideal Otto cycle as described in Eq. (24) (11). As the thermal
efficiency is large, the TDC position is small. However, if
the TDC becomes very small, the combustion performance
degrades because the volume of the minimum combustion

Fig. 10. Relationship between piston velocity at the
combustion start position and TDC.

chamber decreases considerably; the temperature inside the
chamber increases significantly. Therefore, the ideal TDC
position for high thermal efficiency is x ≈ 0. When the TDC
position shifts by 1 mm from the standard position, the ther-
mal efficiency improves or drops by 0.2%, following Eq. (24).
However, millimeter-order control is difficult to achieve. In
addition, low-speed generation control restrains the genera-
tion at the stroke edge, thereby reducing the generation effi-
ciency. Therefore, the setting method is required to improve
accuracy in the TDC position determination and precision of
repetition.

ηt
∗ = 1 −

(
Vt

Va

)κc−1

× 100 (%) · · · · · · · · · · · · · · · · · (24)

where ηt
∗ is the theoretical thermal efficiency, Vt and Va are

the volumes of the combustion chamber at the TDC and the
air release point, respectively, and κc is the specific heat ratio
during combustion.

Herein, the inertia at the combustion start position is ad-
justed toward the ideal state. Figure 10 shows the relation-
ship between the piston speed at the combustion start posi-
tion vs and the TDC position. If the piston approaches the
TDC at high speed, it can easily be under the zero point. To
maintain the TDC position near zero, the speed at the com-
bustion start position needs to be optimized. In the ideal Otto
cycle, the combustion process is isothermal heating, but in
actual operation, the thermogenesis rate changes over time.
This simulation model includes a time-dependent thermoge-
nesis rate, which is similar to real combustion. An increase
in inertia is expected to change the piston behavior and the
TDC position, enlarging the piston speed at the combustion
start position. The piston movement can be adjusted toward
the most suitable speed at the combustion start position by
changing the speed domain of the compression stroke based
on the BDC.

The TDC position precision control is suitable for this pur-
pose, as shown on line (3) in Fig. 5, which sets the variable
generation velocity limit vl depending on a BDC position xb.
On the compression stroke, the piston work derives from the
elastic energy saved in the spring chamber on the expansion
stroke. Eq. (25) is the energy conservation law between the
BDC position xb and the combustion start position xs on the
compression stroke. The energy conservation law should be
used to set the generation velocity limit vl. The elastic en-
ergy Wg at BDC can be written as Eq. (26). The generation
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braking work Wl can be written as Eq. (27) because the gen-
eration braking force is proportional to only the piston speed
and the maximum velocity is low during the compression
stroke. The advantage of this control is dependent on only
time at the generation velocity limit t(vl). The work acting on
the combustion chamber during the compression stroke Wc is
given by Eq. (28) with the adiabatic compression model (11).
This term is constant because the air release position and the
combustion start position are fixed. Ws is the kinetic energy
of the piston at the combustion start position in Eq. (29). vs is
the ideal speed at the combustion start position, as shown in
Fig. 10. Therefore, the generation area can be set by Eq. (25)
with only deciding variable vl depending on a BDC position.

As a result of simulation, this control can obtain the almost
ideal piston action; a velocity of 1.28 m/s at the combustion
start position and a TDC position of 0.02 mm. The piston ac-
tion successfully improved the thermal efficiency by setting
the speed domain. In addition, setting the generation domain
based on the BDC and speed information could provide a
generalizable index for optimizing engine performance.

Wg −Wl −Wc = Ws (J) · · · · · · · · · · · · · · · · · · · · · · (25)

Wg =

∫
Fgdx =

1
2

Kgxb
2 +

∫ xb

xs

Fadx (J) · · · · · (26)

Wl=

∫
Fldx=

∫ t(vl t)

t(v1 b)
Klv × vdt=

∫ t(vl t)

t(v1 b)
Klv

2dt (J)

· · · · · · · · · · · · · · · · · · · (27)

Wc=

∫
Fcdx=Fc(xs)xs

κ

∫ xa

xs

xκdx=const (J)

· · · · · · · · · · · · · · · · · · · (28)

Ws =
1
2

mv2
s (J) · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (29)

where t(vl t) and t(vl b) are the time passing at the genera-
tion velocity limit TDC-side and BDC-side on compression
stroke, respectively.

5. Conclusion

This paper proposed a method for improving the electricity
generation efficiency of an FPEG system. The ROD control
reduces the generation losses, which transfers the quantity
of generation output from the expansion stroke to compres-
sion stroke using a resonant and maximum output drop. The
control is highly effective in systems with large work input
such as combustion forces. By largely reducing the gener-
ation losses, the generation efficiency increased up to 95%
with the ROD control. The tendencies of the copper and iron
losses under the ROD were clarified, and a best point yield-
ing the largest efficiency under the ROD was determined by
changing the fuel consumption amount.

Furthermore, to improve the system performance, the ac-
tion area must remain within the characteristic curve of the
linear generator, and the TDC position must approach zero
as closely as possible. The method in this study easily deter-
mines the combustion energy and the conditions under which
the ROD will operate within the characteristic curve. The
method sets the generation domain of the compression trip
based on the BDC. Consequently, the speed at the combus-
tion start position is close to ideal, and the error in the TDC
is very small.
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