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Dynamical Model of an Electromagnet using Cauer Ladder Network
Representation of Eddy-current Fields
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This paper presents a novel dynamical modeling method for magnetic actuators. The magnetic field is decomposed
into orthogonal distribution functions by using the Cauer ladder network representation of eddy-current fields. The
linearized transfer function of the magnetic force is derived by using the Maxwell’s stress tensor and distribution func-
tions. The numerical example of an electromagnet is presented to show the effectiveness of this method. It is revealed
that the eddy current not only reduces the main flux but also induces a repulsive force at the air gap. The details of the
Cauer ladder network representations are also clarified.
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1. Introduction

The eddy current in the core of electromagnet yields the
response lag of the actuators. It is remarkable if the magnet
employs solid materials for magnetic circuits. If one attempts
to estimate the entire system as Fig. 1, finite element (FE)
analyses become the bottleneck for calculation. Thus the dy-
namical modeling is important to estimate the response of
the actuators, especially in the area of magnetic levitations (1),
where the quick response of the actuator is required.

Two approaches are popular to derive the dynamics of
the electromagnet. One is analytical modeling by using the
equivalent magnetic circuit, which is preferred frequently (2) (3)

because of its ease. The other is the identification of the trans-
fer function of the electromagnet by using the FE analyses (4).
However, the identifications over the entire frequency range
may require much time and effort.

Recently, an effective modeling method for eddy-current
field is proposed. This method adopts the Cauer ladder
network (CLN) as an equivalent circuit of the eddy-current
field (5). There, the magnetic field can be represented by lin-
ear combinations of distribution functions, obtained by FE
static analyses performed beforehand. The coefficients of the
linear combinations are voltage or current variables of the
equivalent circuit. Although this method can be regarded as
an enhancement of one-dimensional modeling method using
orthogonal polynomials (6) (7), the usability is much extended
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Fig. 1. Typical control system

because it can be applied to arbitrary eddy-current field.
The benefits of this method are summarized as the follow-

ings. First, the transient FE analysis is transformed to an
equivalent circuit analysis. This provides remarkable reduc-
tion of computations. Second, the magnetic field at any point
of time can be reconstructed by using the distribution func-
tions and circuit variables. Third, although this method is
basically derived by the FE linear analyses, it can deal with
the nonlinear hysteresis materials by adopting the nonlinear
hysteresis inductors in the equivalent circuit (8) (9).

This paper shows that a dynamic model of the magnetic
force of an electromagnet can be derived by using the CLN
representation, when the materials are assumed to be linear.
The magnetic force when the air gap kept constant and the
exciting current fluctuates is considered here. It is sometimes
called current stiffness. It is shown that the generic dynam-
ical magnetic force is represented by the quadratic form of
the currents in the CLN. The linearized transfer function un-
der a bias current is derived. The frequency responses of an
electromagnet are obtained and compared with the existent
FE analysis. It is also revealed that the eddy-current not only
reduce the main flux, but also induce the repulsive force at
the air gap. This insight is explicitly recognized by the distri-
bution functions of the CLN.

The minimum but sufficient proof for the CLN represen-
tation is already given in Ref. (5), where it is assumed im-
plicitly that any eddy-current field should be transformed to
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Fig. 2. Eddy-current field with an electromagnet

a ladder network. However, it is worth to reveal the details
and backgrounds of this method. It is shown that this method
can be derived without such assumption. The Neumann se-
ries of the differential operator (10) (11) for the eddy-current field,
the separation of variables and Parseval’s equality are used
there. Furthermore, it is shown that this method is related to
the Krylov subspace methods (12), often used for solving large
scale linear systems and optimization problems.

2. Cauer Ladder Network Representation

2.1 Neumann Series for Eddy-current Field A typ-
ical eddy-current field, sometimes called magneto-dynamic
field (13), is illustrated in Fig. 2. The electromagnet with ex-
citation winding is contained in the entire domain. Ω, sur-
rounded by the boundary ∂Ω. Equations for eddy-current
field, are given by the followings, where the magnetic per-
meability μ and the electric conductivity σ are assumed to be
linear.

∇ × H − σE = 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (1)

∇ × E + μ∂H/∂t = 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · (2)

∇ · B = 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (3)

∇ · J = 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (4)

B = μH, J = σE, · · · · · · · · · · · · · · · · · · · · · · · · · · · (5)

The area for conducting wire is conveniently defined as
Ωcoil, which has the surfaces of electrodes ΓB1 and ΓB2. The
applied winding voltage v is the potential difference between
ΓB0 and ΓB1. Thus the following equations for electric poten-
tial φ are assumed.

φ|ΓB1
− φ|ΓB0

= v · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·(6)

By putting ∂H/∂t = 0 in (2) and using (4), Laplace
type static electric equation ∇ · (σ∇φ) = 0 and its solution
E0 = −∇φ are derived. Then the Joule loss P0, resistance
R0 and the current i0 on the electrodes ΓB0 or ΓB1 are given
by the followings, where E0 = E0/v is a vector valued dis-
tribution function having the unit 1/m and n is the outward
normal vector on ΓB0 or ΓB1. From these relations, the equiv-
alent circuit for the static electric field can be represented by
Fig. 3(a).

W0 = 〈σE0, E0〉 = v2/R0 · · · · · · · · · · · · · · · · · · · · · · · · (7)

1/R0 =
〈
σE0, E0

〉
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (8)

i = v/R0 = −
∫
ΓB0

E0 · ndS =
∫
ΓB1

E0 · ndS · · · · · · (9)

Here, the inner product in domain Ω is defined as the follow-
ing.

(a) For E0 (b) E0 and H1

Fig. 3. Generation of static equivalent circuit

Fig. 4. Infinite Cauer ladder network

〈X,Y〉 =
∫
Ω

X · Y dV · · · · · · · · · · · · · · · · · · · · · · · · · · · (10)

The electric field E0 generates the current J0 = σE0 and
magnetic field H1 by solving (1). By setting H1 = H1/i, the
magnetic energy and the DC inductance is given by the fol-
lowings. Then the DC equivalent circuit Fig. 3(b) is obtained.

W1 = 〈μH1,H1〉/2 = L1i2/2 · · · · · · · · · · · · · · · · · · · (11)

L1 =
〈
μH1,H1

〉
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (12)

The Cauer ladder network representation, shown in Fig. 4,
is a natural and complete expansion of this discussion to the
eddy-current field. For the sake of argument, following vec-
tor spaces are defined. Hereafter, the electric field E and
magnetic field H are assumed to belong E and H respec-
tively.

E =
{

E ∈ C3|∇ · (σE) = 0
}

H =
{

H ∈ C3|∇ · (μH) = 0
}
, · · · · · · · · · · · · · · · · · · (13)

The alternative form of (1) and (2) is expressed by the ma-
trix form as (14), which is the mapping from the product
space E × H to itself. Here the time differential operator
is substituted by jω, and ρ = 1/σ, ν = 1/μ are the electric
and magnetic resistivity respectively.[ −1 ρ∇×

ν∇× jω

] [
E
H

]
=

[
0
0

]
· · · · · · · · · · · · · · · · · · · · · · · · (14)

By setting ω = 0 in (14), the following equation for the
static field is defined. Here, the electric field E0 and mag-
netic field H1 coincide to those discussed above.[ −1 ρ∇×

ν∇× 0

] [
E0

H1

]
=

[
0
0

]
· · · · · · · · · · · · · · · · · · · · · · · (15)

From (14) and (15), the following remainder, the right side
of (16), is derived.[ −1 ρ∇×

ν∇× jω

] [
E − E0

H − H1

]
= −
[

0
jωH1

]
· · · · · · · · · · · · (16)

Next, solve following equation.[ −1 ρ∇×
ν∇× 0

] [
E2

H3

]
= −
[

0
jωH1

]
· · · · · · · · · · · · · · · · · (17)
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Again, we obtain the following remainder.[ −1 ρ∇×
ν∇× jω

] [
E − E0 − E2

H − H1 − H3

]
= −
[

0
jωH3

]
· · · · · · · (18)

Repeating the above procedure, we obtain the followings
if the remainder jωμH2n+1 converges to zero.

E = E0 + E2 + E4 + . . . ,
H = H1 + H3 + H5 + . . .

· · · · · · · · · · · · · · · · · · · · · · · (19)

The equation for the remainder (17) can be generalized by
the following.[ −1 ρ∇×

ν∇× 0

] [
E2n

H2n+1

]
= jω

[
0 0
0 −1

] [
E2n−2

H2n−1

]
· · · · · · (20)[

E2n

H2n+1

]
= jω A

[
E2n−2

H2n−1

]
· · · · · · · · · · · · · · · · · · · · · · · (21)

Here, A is a differential operator defined by (22), where the
last side of (22) is derived by using the formula for the inverse
matrix conveniently.

A =
[ −1 ρ∇×
ν∇× 0

]−1 [
0 0
0 −1

]
=

[
0 −(ν∇×)−1

0 −σ(∇×)−1(ν∇×)−1

]
· · · · · · · · · · · · · · · · · · · (22)

Note that from (22), the functions E2n and H2n+1 can be
solved alternately as the followings.

E2n = −(ν∇×)−1H2n−1 = −(∇×)−1μH2n−1

⇔ ∇ × E2n = −μH2n−1 · · · · · · · · · · · · · · · · · · · · (23)

H2n+1 = (ρ∇×)−1E2n = (∇×)−1σE2n

⇔ ∇ × H2n+1 = σE2n · · · · · · · · · · · · · · · · · · · · · (24)

From (22), the Neumann series expansion of the eddy-
current field is derived as the following. The derivation car-
ried out here gives important insight for the configuration of
equivalent circuit of eddy-current field, which is discussed
later.[

E
H

]
=

[
E0 + E2 + E4 + . . .
H1 + H3 + H5 + . . .

]
=

∞∑
n=0

(jω)nAn

[
E0

H1

]
· · · · · · · · · · · · · · · · · · · (25)

It is worth to note that all the functions [E2n H2n+1]T(n =
0, 1, . . .) and the solution [E H]T of (14) belong to Krylov
subspace K in E ×H , which is defined by the following.

K
{
A,
[
E0

H1

]}
= span

{[
E0

H1

]
,A
[
E0

H1

]
,A2

[
E0

H1

]
, . . .

}
· · · · · · · · · · · · · · · · · · · (26)

2.2 Cauer Ladder Network Representation Here,
the Cauer ladder network representation is derived by using
the procedure discussed in the preceding section. Before pro-
ceeding to the details, two properties of the equivalent circuit
should be confirmed.

First, the separation of variables, time and space, is re-
quired in order to construct the equivalent circuit. In case of
the static field, it was already carried out as E0 = E0/v and
H1 = H1/i0. Thus, the electric field and magnetic field are
assumed to be represented by the linear combinations (27).

E =
∞∑

n=0

e2nE2n, H =
∞∑

n=0

h2n+1H2n+1 · · · · · · · · · · (27)

Here, e2n and h2n+1 are scalar valued time function hav-
ing the units V and A respectively, and the functions E2n and
H2n+1 are vector valued functions whose units are both 1/m.
Furthermore, the constants λ2n and λ2n+1, the norms of E2n

and H2n+1 with weight functions σ and μ respectively, are
defined by the followings. The constants R2n = 1/λ2n and
L2n+1 = λn2+1 are used in the ladder network. It is assumed
that the voltage e2n is applied to the resistor R2n and the cur-
rent h2n+1 flows through the inductor L2n+1.

λ2n = 1/R2n =
〈
σE2n, E2n

〉
· · · · · · · · · · · · · · · · · · · · (28)

λn2+1 = L2n+1 =
〈
μH2n+1,H2n+1

〉
· · · · · · · · · · · · · · · (29)

One more important requirement for the equivalent circuit
is that the following Parseval’s equalities must hold in the
network.

〈σE · E〉 =
∞∑

n=0

e2
2n/R2n · · · · · · · · · · · · · · · · · · · · · · · · (30)

〈μH,H〉 =
∞∑

n=0

L2n+1i22n+1 · · · · · · · · · · · · · · · · · · · · · · (31)

This implies that the series {E2n} and {H2n+1} shall be orthog-
onal respectively. If the orthogonality is not satisfied, the
mutual inductances between inductors or contacts between
resistors may arise.

The static functions E0, H1 and circuit constants R0 =

1/λ0, L1 = λ1 are already obtained. Thus, by setting n = 1,
we can solve the following equation from (23).

ẽ2n(∇ × Ẽ2n) = −jωμ(h2n−1H2n−1) · · · · · · · · · · · · · · · (32)

Here, the upper mark (∼) is used instead of (–), because
Ẽ2n may not be orthogonal to E2m (m < n). Because this
equation can be associated with the circuit equation ẽ2n =

jωL2n−1h2n−1, (32) can be modified as (33).

ẽ2n(∇ × Ẽ2n) = jω L2n−1h2n−1 · (−μH2n−1/L2n−1)

· · · · · · · · · · · · · · · · · · · (33)

Then the equation after the separation of variables is de-
rived as

∇ × Ẽ2n = −μH2n−1/L2n−1 · · · · · · · · · · · · · · · · · · · · · · (34)

Applying the Gram-Schmidt orthogonalization to Ẽ2n,
the function E2n together with the resistance 1/R2n =〈
σE2n, E2n

〉
, is obtained as the following.

E2n = Ẽ2n −
n−1∑
i=0

〈
σẼ2n, E2i

〉
E2i/λ2i · · · · · · · · · · · · (35)

Similarly to the electric field, (24) yield the following.

h̃2n+1(∇ × H̃2n+1) = σe2nE2n · · · · · · · · · · · · · · · · · · · · (36)

Assuming the circuit equation h̃2n+1 = e2n/R2n, (36) is modi-
fied by the following.

h̃2n+1(∇ × H̃2n+1) = (e2n/R2n)(σR2nE2n) · · · · · · · · · (37)
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Then the equation after the separation of variables is given
by,

∇ × H̃2n+1 = σR2nE2n · · · · · · · · · · · · · · · · · · · · · · · · · · (38)

The orthogonalized functions H2n+1, together with the induc-
tances L2n+1 =

〈
μH2n+1,H2n+1

〉
, are given by the following.

H2n+1 = H̃2n+1 −
n−1∑
i=0

〈
μH̃2n+1,H2i+1

〉
H2i+1/λ2i+1

· · · · · · · · · · · · · · · · · · · (39)

Repeating these procedures for n = 2, 3, . . ., the orthogonal
series {E2n} and {H2n+1} are derived.

The inner products in the right sides of (35) and (39) are
simplified as follows. Let n and i ≤ n are fixed, then (40)
is yielded by using (39), orthogonality of H2i+1 (i < n), and
integration by part.〈

σẼ2n, E2i

〉
=
〈
σẼ2n, (λ2i/σ)∇ × H̃2i+1

〉
= λ2i

〈
∇ × Ẽ2n, H̃2i+1

〉
= − λ2i

λ2n−1

〈
μH2n−1, H̃2i+1

〉
=

{
0 (i < n − 1)

−λ2n−2 (i = n − 1)

· · · · · · · · · · · · · · · · · · · (40)

Similarly, by using (35), orthogonality of E2i (i < n) and
integration by part, the following is obtained.〈

μH̃2n+1,H2i+1

〉
=
〈
μH̃2n+1,−(λ2i+1/μ)∇ × Ẽ2i+2

〉
= −λ2i+1

〈
∇ × H̃2n+1, Ẽ2i+2

〉
= −λ2i+1

λ2n

〈
σE2n, Ẽ2i+2

〉
=

{
0 (i < n − 1)

−λ2n−1 (i = n − 1)

· · · · · · · · · · · · · · · · · · · (41)

Remember that ∇ · (E×H) = (∇× E) ·H− E · (∇×H) and
the divergence theorem. In the integration by part in (40) and
(41), the surplus of the definite integral at the boundary ∂Ω,
are assumed to be zero as (42) and (43).∫

∂Ω

(Ẽ2n × H̃2i+1) · ndS = 0 (i < n) · · · · · · · · · · · (42)∫
∂Ω

(H̃2n+1 × Ẽ2i+2) · ndS = 0 (i < n) · · · · · · · · · (43)

The integrands in (42) and (43) are the energy flux called
Poynting vectors. Thus, this assumption is quite natural be-
cause the external energy exchange is restricted only on the
electrodes ΓB0 and ΓB1.

After all, (35) and (39) are simplified as the following. The
procedure for obtaining the series {E2n} and {H2n+1} are sum-
marized in Fig. 5.

E2n = Ẽ2n + E2n−2 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (44)

H2n+1 = H̃2n+1 + H2n−1 · · · · · · · · · · · · · · · · · · · · · · · · (45)

Hereafter, the equivalent circuit, having the variables e2n

and h2n+1, is derived. If the Maxwell’s equations is valid for

Fig. 5. Generation of Cauer ladder network

(27), it is necessary that following equations hold for arbi-
trary E2m and H2m+1.〈

∇ × H − σE, E2m

〉
=

〈
∇ ×

∞∑
n=0

h2n+1H2n+1 − σ
∞∑

n=0

e2nE2n, E2m

〉

=

∞∑
n=0

h2n+1

〈
∇ × H2n+1, E2m

〉
− λ2me2m = 0

· · · · · · · · · · · · · · · · · · · (46)〈
∇ × E +

d
dt
μH, H2m+1

〉

=

〈
∇ ×

∞∑
n=0

e2nE2n +
d
dt
μ

∞∑
n=0

h2n+1H2n+1,H2m+1

〉

=

∞∑
n=0

e2n

〈
∇ × E2n,H2m+1

〉
+

d
dt
λ2m+1h2m+1 = 0

· · · · · · · · · · · · · · · · · · · (47)

On the other hand, (34), (38), (44), and (45) yield the follow-
ings.〈

∇ × H2n+1, E2m

〉
=
〈
∇ × (H̃2n+1 + H2n−1), E2m

〉
=

〈
σ

λ2n
E2n + ∇ × H2n−1, E2m

〉
= . . .

=

〈 n∑
i=0

σ

λ2i
E2i, E2m

〉
=

{
0 (n < m)
1 (n ≥ m)

· · · · · · · · (48)

〈
∇ × E2n,H2m+1

〉
=
〈
∇ × (Ẽ2n + E2n−2), H2m+1

〉
=

〈
− μ

λ2n−1
H2n−1 + ∇ × E2n−2,H2m+1

〉
= · · ·

=

〈
−

n∑
i=1

μ

λ2i−1
H2i−1,H2m+1

〉
=

{
0 (n ≤ m)
−1 (n > m)

· · · · · · · · · · · · · · · · · · · (49)
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From (46), (47), (48), and (49), the following equations are
derived. The static network shown in Fig. 2 is extended to the
Cauer ladder network shown in Fig. 3.

e2m = R2m

∞∑
n=m

h2n+1. · · · · · · · · · · · · · · · · · · · · · · · · · · · (50)

d
dt

h2m+1L2m+1 =

∞∑
n=m+1

e2n. · · · · · · · · · · · · · · · · · · · · · · (51)

Once the constants of the CLN and distribution functions
are obtained, there is no need to perform the finite element
calculations in transient analysis. The magnetic field at ar-
bitrary point of time is expressed by (27). The coefficients
e2n and h2n+1 are easily obtained by circuit equations, usually
solved by existent circuit simulators.
2.3 State Equations of Truncated Networks The fi-

nite length truncation of the ladder network is required for the
practical applications. There are two types of the truncation,
resistive and inductive termination as shown in Fig. 6. When
the frequency becomes infinitely large, the impedance of the
network with resistive termination is resistive, while that of
inductive termination is inductive.

The state equation for the CLN with inductive termination
is derived as follows. Let the CLN is truncated to N stages,
which implies that the resistor R2N is removed from the net-
work. The circuit laws yield the followings.

L2n+1
d
dt

h2n+1 = v −
n∑

m=0

R2mh2m (n = 0, . . . ,N − 1)

h2m =

N−1∑
i=m

h2i+1 (m = 0, . . . ,N − 1)

· · · · · · · · · · · · · · · · · · · (52)

Then the state equation for the CLN is provided by the fol-
lowings.

LN
d
dt

h + RN h = 1Nv · · · · · · · · · · · · · · · · · · · · · · · · · · (53)

hN =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
h1

h3
...

h2N−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ , 1N =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
1
...
1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ,UN =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 · · · 1

0 1
. . .
...

...
...
. . . 1

0 0 · · · 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

LN = diag [L1 L3 · · · L2N−1] ,
RN = UT

Ndiag [R0 R2 · · · R2N−2] UN .

· · · · · (54)

From (53), the expression by transfer admittance YI for the
inductive termination is given by the following.

(a) Inductive termination

(b) Resistiv termination

Fig. 6. Termination of ladder network

h = YIv, YI = (RN + sLN)−11N · · · · · · · · · · · · · · · (55)

Replacing LN and RN with

LN+1 = diag
[
L1 L3 · · · L2N−1 0

]
,

RN+1 = UT
N+1diag

[
R0 R2 · · · R2N−2 R2N

]
UN+1 ,

· · · · · · · · · · · · · · · · · · · (56)

The transfer admittance YR for the resistive termination is
given by the following,

h = YRv,
YR =

[
MN 1N

]
(RN+1 + sLN+1)−11N+1

· · · · · · · · · · · (57)

where MN is the N-dimensional unit matrix.
The effects of these two terminations to the magnetic fields

and the magnetic forces will be estimated in section 4.

3. Magnetic Force

3.1 Magnetic Force by Maxwell’s Tensor Maxwell
stress tensor in eddy-current field is defined by (58). It is
assumed that the coordinate of this tensor lies in in the air.

T =
μ0

2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
H2

x − H2
y − H2

z 2HxHy 2HxHz

2HyHx H2
y − H2

x − H2
z 2HyHz

2HzHx 2HzHy H2
z − H2

x − H2
y

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · · · · · · · · · · · · · (58)

Using (27), we obtain the following representation, the
quadratic form of the current h2n+1 of the network.

T =
μ0

2

∞∑
n=0

∞∑
m=0

h2n+1h2m+1Tn,m

Tn,m = T
T
m,n

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

H2n+1,xH2m+1,x

−H2n+1,yH2m+1,y

−H2n+1,zH2m+1,z

2H2n+1,xH2m+1,y 2H2n+1,xH2m+1,z

2H2n+1,yH2m+1,x

H2n+1,yH2m+1,y

−H2n+1,xH2m+1,x

−H2n+1,zH2m+1,z

2H2n+1,yH2m+1,z

2H2n+1,zH2m+1,x 2H2n+1,zH2m+1,y

H2n+1,zH2m+1,z

−H2n+1,xH2m+1,x

−H2n+1,yH2m+1,y

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · · · · · · · · · · · · · (59)

As illustrated in Fig. 2, we assume that the iron piece pulled
by the electromagnet is covered by a closed surface ΓS . Then
the applied force to the iron piece is given by the followings.
The block diagram from input coil voltage v to the magnetic
force F is given by Fig. 7.

F =
∫
ΓS

TndS =
μ0

2

∞∑
n=0

∞∑
m=0

h2n+1h2m+1Fn,m

Fm,n =

∫
ΓS

Tm,nndS
· · · · · (60)

Fig. 7. Block diagram of magnetic force
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Fig. 8. Linearization of the magnetic force

It is should be noted that instead of the Maxwell stress
tensor, the nodal force method (14) can be used to obtain the
force coefficients (60) when the magnetic field is solved by
FE analysis. However, this article adopt the Maxwell tensor
just because its popularity.
3.2 Linearized Transfer Function for the Magnetic

Force Especially for the use of magnetic levitations, the
electromagnet often operated around the preset bias magnetic
field as shown in Fig. 8. Thus the linear approximation of
the magnetic force is required. The transfer function for lin-
earized magnetic force around the bias field is obtained as
followings.

Let the voltage v = vB be the bias voltage of the excitation
windings. The DC bias current flows only through the first
inductor of the CLN. This yields the followings.

iB = vB/R0,

hB =
[
iB 0 0 . . .

]T · · · · · · · · · · · · · · · · · · · · · · · · · · · · (61)

From (60) and (61), we obtain bias force as following.

FB =
μ0

2
i2BF0,0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (62)

If the exciting voltage varies, the current in the CLN varies
as,

v = vB + Δv,
h = hB + Δh = [iB 0 . . .]T + [Δh1 Δh3 . . .]T,

· · · · · · · · · · · · · · · · · · · (63)

Here, the current variation Δh is given by the state equation
(53) with the input voltage Δv. From (60) and (63), then the
magnetic force (63) is derived.

F =
μ0

2
i2BF0,0 +

μ0

2
iB

∞∑
n=0

Δh2n+1(Fn,0 + F0,n)

+
μ0

2

∞∑
n=0

∞∑
m=0

Δh2n+1Δh2m+1Fn,m · · · · · · · · · · · · (64)

Neglecting the second order terms of Δh and using (62),
the variation of the magnetic force is obtained as

F ≈ FB + ΔF

ΔF =
μ0

2
iB

∞∑
n=0

Δh2n+1(Fn,0 + F0,n) · · · · · · · · · · · · · (65)

Figure 9 shows the block diagram of the linearized mag-
netic force. Note that the amplification of the force is propor-
tional to the bias current iB = vB/R1.

Fig. 9. Block diagram of linearized magnetic force

(a) Drawing (b) FE mesh division

Fig. 10. Electromagnet

4. Numerical Results

4.1 Electromagnet and its CLN Representation
The electromagnet shown in Fig. 10(a) is analyzed. The

electromagnet has a cylindrical shape with 40 mm height and
74 mm diameter. A multi-turn winding is included in the
electromagnet. A disk with 10 mm thickness is set toward
to the electromagnet with 1 mm air gap. The conductivity of
the magnetic material is 8.0E6 S/m, and the relative perme-
ability is 500. The mesh division for FE analysis is illustrated
in Fig. 10(b). The minimum size of an element is 0.25 mm,
which corresponds to the skin depth at 1k Hz. The surface
of the material is divided finely. All the simulations are per-
formed by Freefem++ (15).

The FE analysis is carried out with A-ϕ formulation, which
is based on the vector potential A and scalar potential ϕ. The
FE formulation is based on 3-dimensional cylindrical coordi-
nate. The vector potential A is the unknown variable for FE
analysis. The Dirichlet boundary condition A = 0 and ϕ = 0
is supposed on ∂Ω. This condition makes the assumptions
(42) and (43) valid, because the identity E = −∂A/∂t −∇ϕ =
0 holds on ∂Ω.

Firstly the distribution functions E2n, H2n+1 and the circuit
constants R2n and L2n+1 are calculated. Several distribution
functions E2n at the beginning are shown in Fig. 11(a)–(e) by
the intensity. White color means positive and black means
negative direction perpendicular to the cross section. Fig-
ure 11(f)–(i) shows the lines of magnetic flux, which are equi-
potentials of r A2n+1. The vector potential A2n+1 is defined by
H2n+1 = ν∇ × A2n+1. The difference between minimum and
maximum magnitude of r A2n+1 is divided to twenty by con-
tour lines. Table 1 shows the constants of the CLN.

In order to evaluate the truncation errors of the CLN,
the magnetic field synthesized by linear combination (27) is
compared with the results by complex FE analysis. The CLN
is truncated to twenty-one stages with resistive termination.
The magnetic fluxes by the CLN at 10 Hz, 100 Hz and 1 kHz
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(a) E0 (b) E2 (c) E4

(d) E6 (e) E8 (f) rA1

(g) rA3 (h) rA5 (i) rA7

Fig. 11. Distribution functions

Table 1. Constants of CLN

(a) 10 Hz (b) 100 Hz (c) 1 kHz

Fig. 12. CLN representation at 21 stages

are shown in Fig. 10. The results by the complex analysis are
shown in Fig. 11. The errors at 10 and 100 Hz are little. Small
difference is observed at 1 kHz in the core and the disk near
the surfaces, though the error seems still small.

The magnetic field by the inductive termination is also cal-
cutated and compared with the resistive termination. Fig-
ure 14 shows comparison of the magnetic flux at 1 kHz by
the network of twenty-one stages. The difference between
them can not be ignored, although the difference of the fluxes
at the air gap is small. This difference can be explained as
followings.

(a) 10 Hz (b) 100 Hz (c) 1 kHz

Fig. 13. Complex FE analyses

(a) resistive termination (b) Inductive tremination

Fig. 14. Comparison of terminations at 1 kHz

Table 2. Coefficients for the force

At high frequency range, the current distribution reaches
to the latter part of the network, while the current flows only
first several elements of the network at low frequency. Thus
the effect by the truncation is significant at the high frequency
region. When the inductive termination is chosen, the current
forward to the truncated networks lose a place to go. Then,
this surplus current flows into last several inductors. If the
resistive termination is adopted, this surplus current partly
flows to the terminal resistor. And the effect of the truncation
appeared in the magnetic field is reduced.
4.2 Magnetic Force Using the distribution functions

derived above, the electromagnetic force is calculated. Ta-
ble 2 is shown first several coefficients for each currentΔh2n+1

appeared in (64) and Fig. 9. It is interesting that all of the co-
efficients in high order are negative. Observing the flux near
the air gap in Fig. 9, only the DC flux in Fig. 9(f) flows ver-
tically against the air gap, while the other flux of high order
flow parallel to the air gap. This implies that only the DC flux
provides the attractive force, while the flux due to the eddy
current provides the repulsive force, bringing the deteriora-
tion of the total magnetic force.

The frequency response of the magnetic force at the rated
DC bias current is shown in Figs. 15 and 16. The resistive
and inductive terminations are adopted respectively and the
number of stages of the CLN varies from 1 to 21. The elec-
tromagnet is driven by current source, because the electro-
magnet is often controlled by current controlled drivers. The
complex analysis is also performed by existent commercial
package. These are indicated by triangle points in Figs. 15
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(a) Gain

(b) Phase

Fig. 15. Frequency response of the force by resistive ter-
mination

(a) Gain

(b) Phase

Fig. 16. Frequency response of the force by inductive
termination

and 16.
The result shows that twenty-one or more stages are re-

quired to guarantee the accuracy of the estimated force at
1 kHz in both of the terminations. It is seen that the Bode plot
of proposed method approaches to the results by conventional
method as the number of stages of the CLN increases.

In resistive termination, the gain at high frequency is de-
creased about −20 dB/decade, while the phase lag approaches
to −90 degree. In the inductive termination, the gain at
high frequency keeps the value at corner frequency, while the
phase lag returns to zero degree. Thus, the terminations and
the number of the stages must be carefully chosen when the

(a) Schematic for the realtime simulation

(b) Response of the magnetic force

Fig. 17. Real-time simulation by Spice circuit simulator

method is applied to the control systems like in Fig. 1.
If the magnetic material is linear and its shape is sim-

ple, such as a plane or a cylinder, the number of the stages
required for approximation can be already derived analyti-
cally (8) (9) (16). There, the maximum effective frequency is pro-
portional to the fourth power of the number of stages. How-
ever, it is difficult to obtain the number of stages in advance if
the shape is not simple. Practically, the number of stage can
be chosen to meet with the results obtained by the complex
analyses.

The real-time simulation is performed to clarify the advan-
tage of the proposed method. Here, the magnet is driven cur-
rent source, whose waveform is two alternate pulse followed
by sinusoidal wave whose frequency is swept from 10 Hz to
1 kHz. The circuit schematics and the results are shown in
Fig. 17.

The CPU time required for generating the distribution
functions and circuit constants of 21 stages CLN is about
88.1 s, 4.2 s per one FE analysis, while the real time simula-
tion by the equivalent circuit is achieved by 0.94 s actual CPU
time for the 1.0 sec period of the simulation. Thus the total
simulation is about 90 s. The CPU time for one FE analysis is
supposed to be about 4.2 s. The discretized time for the real-
time simulation must be taken at most the half of the period of
the maximum frequency 1 kHz. If one perform the real-time
simulation by using the FE analyses, at least 8,400 s, 4.2 s
multiplied by 2,000, is required for the calculation, which is
93 times larger than the proposed method.

5. Concluding Remarks

The linearized transfer function for the magnetic force was
derived theoretically by using the CLN representations. The
simulation results show that this method is adequate and
practical. However, the authors recognize that there is still
room for the improvement of this method on the high fre-
quency convergence, or realization by more small number of
the network element. They are unsolved subjects by now.

This paper focused on the magnetic force when the air gap
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is kept constant and the materials are linear. The implemen-
tation of the non-linearity may be the future work. Besides,
one more important characteristic of the electromagnet is the
displacement stiffness, the magnetic force when the air gap is
varied and the current kept constant. In such case, the mag-
netic field is determined not only by the exciting current but
also by the displacement of the air gap. The authors think that
the CLN representation can also be applicable to this prob-
lem. It will be revealed in near future.
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