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In a mechanical system whose control target is known, a precise control model of the controlled object is defined
using a system identification method, and an optimum control method is selected and designed using modern control
theory. However, with a general-purpose servo drive, the controlled model cannot be defined completely in advance.
This paper proposes a method of suppressing mechanical resonance with an equivalent rigid body observer based on
a motor model, which can be installed without clarifying the controlled object model. In addition, the applicability of
the proposed method to both semi-closed and full-closed controlled systems is confirmed though experiments.
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1. Introduction

In machines using generally sold servo motors, there is in-
creasing demand for operating machines at high speed and in
high precision to improve throughput and process accuracy,
reduce vibration during conveyance, and so on. In order to
operate stably at high speed, it is desired to set the feedback
gain as high as possible, but since the vibration of the control
system is caused by the mechanical resonance characteristics
and the calculation time of the control system, the feedback
gain is restricted.

In case of a general-purpose servo drive system sold in
combination with a servo amplifier and a servomotor, the
only known controlled model by the manufacturer is the mo-
tor. Therefor the controlled model of mechanical system can
not be defined in advance. In addition, it is necessary to com-
bine with external sensors such as linear scales.

Furthermore, a general-purpose servo amplifier has already
implemented the control method by manufacturer, and the
user has to accomplish the gain setting. However, users who
are unfamiliar with control technique may have difficulties
in tuning the gain, so it is required that implemented control
method is applicable to wide range control objects, and the
control method to be applied and the tuning procedure of the
gain are clear.

In this respect, the implemented control algorithm in a
general-purpose servo amplifier has a traditionally modeled
motor and a rigid load as a controlled object, and a dual feed-
back loop which position signal feedback loop is provided
outside the feedback loop of the motor velocity. In case of
semi-closed control, the velocity signal and the position sig-
nal are fed back from the encoder attached to the motor. On
the other hand, in the full-closed control, there is a case where
the velocity signal and the position signal are fed back from
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an external sensor such as a linear scale or the position signal,
and the velocity signal is fed back from the encoder attached
to the motor. The latter one is semi-closed control for ve-
locity feedback. A control algorithm to be incorporated in a
general-purpose servo amplifier is required to be able to cope
with either case.

Concerning control system instability caused by mechani-
cal resonance, if the vibration frequency is sufficiently higher
than the frequency band of the velocity feedback loop against
the control system, vibration can be reduced by tuning the pa-
rameters of the implemented notch filter and low pass filter.
However, when the filter mentioned above is applied when
the vibration frequency is close to the cutoff frequency of the
velocity feedback loop, the control loop tends to become un-
stable, and in many cases, the control gain has to be reduced.

To solve the instability of control system due to control
calculation time, a method of compensation for delay (5) and
a gain setting method considering delay in calculation time (6)

are proposed. In case of performing the delay compensa-
tion, the gain in the high frequency band increases due to the
frequency characteristic, then mechanical resonance may be
induced. In the gain setting method considering the delay, al-
though it is possible to select the allowable upper limit of the
gain, the delay can not be reduced, so it is difficult to set the
high gain in the end.

From the above, stabilization of mechanical resonance
characteristics is an essential task for high-speed and high-
precision mechanical operation.

In case of full-closed control, a method of stabilizing by
feeding back the difference velocity between the encoder at-
tached to the motor and the external sensor is also effective.
But an encoder is required on the motor side. However, this
method can not be applied to the linear motor because only
the external sensor is attached.

As examples of stabilizing the mechanical resonance char-
acteristics, a method of inputting the same signal to the refer-
ence model and the real system, aiming for a response similar
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to the model by processing the output difference between
them and returning them to the input (11) or feed-backing the
estimated state quantity using the observer are used (5)–(10). In
the former case, the parameter fluctuation has an adverse ef-
fect. For example, when the moment of inertia changes, re-
moval of the low frequency signal becomes insufficient, and it
is impossible to extract only the mechanical resonance signal.
Also, in case of a model with an ideal state in which there is
no disturbance or the like, the disturbance signal components
such as the frictional force of the transmission mechanism
and the reaction force from the load can not be removed. In
the latter case, in many cases, it is necessary to define the
spring constant and the damping coefficient as the nominal
model of the observer in order to estimate the state quantity.
Although a method of using a rigid body observer (12) has been
proposed, the observer is a substitute for a differentiator and
is not intended to extract vibration components.

In a system whose control target is known, a detailed con-
trol model of the control target is defined using a system iden-
tification method (1)–(4) and an optimum control method can be
selected/designed. However dedicated equipment and skilled
engineers are necessary. For this reason, it is difficult for or-
dinary engineers to define the parameters necessary for the
observer in the scene of tuning a general-purpose servo am-
plifier at the machine builder. General-purpose servo ampli-
fier have to stabilize the mechanical resonance characteris-
tics with almost the same effort as servo gain tuning at the
manufacturing site. This paper explains the vibration control
method with the equivalent rigid body observer based on the
motor and the rigid body load as an example of a control al-
gorithm that can be implemented even if the characteristics
of the controlled object is unknown. In addition, we report
the experimental results which applies vibration suppression
control to the semi-closed control system and full-closed con-
trol system of 2 inertia resonance system.

2. Modeling of Mechanical System

Consider a 2 inertia system as a controlled object which
has a single vibration frequency. 2 inertia resonant system
can be described as the following equation.

JM θ̈M + K(θM − θL) = TM · · · · · · · · · · · · · · · · · · · · · (1a)

JLθ̈L + K(θL − θM) = 0 · · · · · · · · · · · · · · · · · · · · · · · · · (1b)

Where
TM: Motor torque
θM: Motor rotation angle
θL: Load rotation angle
K : Spring constant
JM: Rotor moment of inertia
JL: Load moment of inertia

For simplicity, the viscous damping term is set to 0. The
transfer function from the motor torque to the motor velocity
and the transfer function from the motor torque to the load
velocity are as follows.
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Fig. 1. Block diagram

Fig. 2. Control block diagram of velocity P control in-
cluding 2 inertia system (Semi-closed control system)

ωr, ωa of Eq. (2) are as follows.

ωr = 2π fr =

√
K

(
1

JM
+

1
JL

)
· · · · · · · · · · · · · · · · · · · (3a)

ωa = 2π fa =

√
K
JL
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · (3b)

The frequency characteristic on the motor is a second order
resonance characteristic having a dip of antiresonance fre-
quency fa defined by Eq. (2a) and a peak of resonance fre-
quency fr.

It can be seen that only the peak of the resonance frequency
fr is generated on the load side (Eq. (2b)). In Eq. (2), the first
term (1/s term) common in the motor side and the load side
means a rigid body system, so we call this “equivalent rigid
body” in this paper.

Equation (2a) and Eq. (2b) are represented in the block di-
agram collectively in Fig. 1. Note that the equivalent rigid
body velocity differs from the motor velocity in Fig. 1.

3. The Elements of Vibration Suppression Con-
trol

In Eq. (2a) and Eq. (2b), the transfer functions differ be-
tween the motor side and the load side, but if the common
term is used, vibration suppression control becomes possi-
ble. The conventional method attenuates the vibration caused
by mechanical resonance by feeding back the difference be-
tween the load velocity including the motor velocity and the
resonance characteristic (8) (9). However, vibration suppression
effect can be obtained by using equivalent rigid body velocity
and motor velocity without using load velocity.
3.1 Principle of Vibration Suppression Control of

Semi-closed System First, consider velocity P control
including 2 inertia system as shown in Fig. 2. In Fig. 2, the
total moment of inertia is set to “1” for simplicity, and assume
that the converted velocity value from the encoder, which is
attached to the motor, is fed back to the semi-closed control.

The transfer function of the open loop from the velocity
error input to the vibration suppression unit output (output
multiplied by the velocity difference by Kd) is as follows.
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KdKv
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= KdKv

(
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r

ω2
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s
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Equation (4) shows that it includes mechanical resonance
characteristics (Eq. (2)). Therefore, the vibration waveform
of the mechanical resonance characteristic can be observed in
the output of the vibration suppression control section. Nor-
mally, since the resonance frequency ωr is higher than the
anti-resonance frequency ωa, the following inequality holds
in Eq. (4).

ω2
r

ω2
a
− 1 > 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (5)

Therefore, the closed-loop transfer function from the ve-
locity error to the motor velocity is given as follows.
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Equation (6) can be regarded as a form in which attenuation
is added to the resonance side of the 2 inertia resonance sys-
tem.
3.2 Principle of Vibration Suppression Control of

Full-closed System Next, consider the case of full-closed
control in which the converted velocity value from the posi-
tion signal of the sensor, attached at the tip of the load, to be
fed back. Since the anti-resonance term disappears as shown
in Eq. (2b), the control block diagram of Fig. 2 becomes as
shown in Fig. 3. The transfer function of the open loop from
the velocity error to the output of the vibration suppression
unit (the output multiplying the velocity difference by Kd) is
as follows.

Gopen(s) =
KdKv
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Equation (7) shows that it includes mechanical reso-
nance characteristics (Eq. (2)) as well as semi-closed control.

Fig. 3. Control block diagram of velocity P control in-
cluding 2 inertia system (Full-closed control system)

Therefore, the vibration waveform can be observed in the
output of the vibration suppression control loop. The closed-
loop transfer function from the velocity error to the motor
velocity is given as follows.
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From Eq. (8), it can be seen that attenuation can be added to
the resonance of 2 inertia system by setting the sign of Kd to
be negative in case of full-closed control also.

4. The Realization of the Proposed Method

The previous chapter shows that if equivalent rigid body
velocity can be detected, mechanical resonance characteris-
tics can be attenuated in semi-closed control and full-closed
control. However, since the equivalent rigid body velocity
can not be detected in reality, it is estimated from the de-
tectable motor velocity by using the observer.
4.1 First Order Observer Design With a given a

state variable vector x(t), one-dimensional control input u(t),
and one-dimensional observation output y(t), the controlled
object can be expressed as the following state equation.

ẋ(t) = Ax(t) + bu(t) · · · · · · · · · · · · · · · · · · · · · · · · · · · (9a)

y(t) = cx(t) · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (9b)

Since the motor system can be approximated by an integrator
that generates velocity by integrating torque, the coefficients
of Eq. (9) can be expressed as Eq. (10) as an equivalent rigid
body concretely.

A = 0, b = 1, c = 1 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (10)

In the Eq. (9), since (c, A) are observable, the identical ob-
server of Eq. (11a) can be constructed. Moreover, the esti-
mated value ŷ(t) of the equivalent rigid body velocity can be
obtained from the state estimate value in Eq. (11b).

˙̂x(t) = (A − kc)x̂ + ky(t) + bu(t) · · · · · · · · · · · · · · · (11a)

ŷ(t) = cx̂(t) · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (11b)

Where x̂(t) is the estimated value of state x(t) and k is the
gain vector of the observer. Since the torque command value
has to input to u(t) of Eq. (11a) and because it is identity
observer so the true value of equivalent rigid body velocity
should be used in y(t), however it is approximated by motor
velocity ym(t) which includes vibration. Furthermore, the ob-
server gain k is selected so that the observer can not respond
to the vibration component, which improves the approxima-
tion accuracy. In Fig. 4(a), since the difference between the
motor velocity ym(t) and the estimated equivalent rigid body
velocity is the vibration component, the vibration component
can be estimated by Eq. (12).
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(a) Observer block diagram designed using filter and gain (b) Equivalent transformation of observer block diagram

Fig. 4. Vibration compensate method with equivalent Rigid-Body Observer

Fig. 5. Observer frequency characteristics

r̂(t) = ym(t) − ŷ(t) = ym(t) − cx̂(t) · · · · · · · · · · · · · · · (12)

Figure 4(b) shows the block diagram whose inside of the ob-
server is modified, and the difference signal of the estimated
value of the equivalent rigid body velocity and the motor ve-
locity is indicated. The difference signal is generated from
the observer through a block equivalent to the high pass fil-
ter. This is the same principle of vibration suppression con-
trol shown in Section 3.1. The frequency characteristic from
the difference between the motor velocity ym(t) and the esti-
mated equivalent rigid body velocity to the observer output is
as shown in Fig. 5 where the observer gain is set to 100 Hz as
an example.
4.2 Design of Phase Adjuster As shown in Fig. 5 in

the previous section, since the estimated vibration phase ad-
vances depending on the relationship between the observer
gain and the vibration frequency, it is necessary to elimi-
nate the phase shift. As the simplest phase adjuster, a 1st
order low pass filter is added in series at the observer out-
put. Up to this point, although the influence of friction is
not considered as a controlled object, usually friction can not
be ignored in an actual mechanical system. Although the
observer in Fig. 4(b) has the first-order high-pass character-
istic, the steady disturbance can not be excluded because it
is connected to the high-pass characteristic through the in-
tegral element from the disturbance. Therefore, in order to
eliminate steady disturbance, a 1st order high pass filter is
added in series at the observer output. Since the amplitude of
the vibration frequency, which to be estimated, decreases by
adding the low pass filter, restore the amplitude by adding the
gain in series. Figure 6 shows the frequency characteristics
of the difference between the estimated equivalent rigid body

Fig. 6. Frequency characteristics of observer, phase
compensator and high-pass filter

velocity and the motor velocity ym(t) and the gain multiplied.
At this time, the observer gain is 628.3/s, the cutoff frequency
of the low-pass filter is 100 Hz, and the cutoff frequency of
the high-pass filter is 15 Hz. From Fig. 6, assuming that the
vibration frequency to be estimated is 100 Hz, close enough
phase and amplitude can be estimated. In other words, the
velocity difference in Fig. 1 and Fig. 2 in the previous section
can be realized with observer, low pass filter, high pass filter
and gain as shown in Fig. 4(a).

5. Experimental Results

Experiments were conducted using the equipment shown
in Fig. 7. In this device, an external encoder for control was
attached to the inertial load. The inertial load was connected
to the servomotor with an elastic coupling. This external en-
coder was used to build a full-closed system. Similarly, an
encoder was attached to the servo motor to build a current
control and semi-closed system.

A dedicated motor driver was used for motor control with
current/velocity control. We installed the proposed method
in the motor driver and performed experiment.

Figure 8 shows frequency characteristics from motor
torque to motor velocity (semi-closed system) and motor
torque to external encoder velocity (full-closed system) of
the experimental equipment. Focusing on the frequency char-
acteristics of the semi-closed system, the anti-resonance fre-
quency is 198 Hz and the resonance frequency is 662 Hz. The
frequency characteristic of the full-closed system is only with
the resonance frequency, 662 Hz.
5.1 Vibration Suppression Effect of Semi-closed Sys-

tem In the semi-closed system, the velocity loop is
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Fig. 7. Appearance of experimental equipment

Fig. 8. Frequency characteristics of experimental equip-
ment

Table 1. Control gain

Semi
-closed

Full
-closed

Velocity loop
proportional gain 188.5/s 754.0/s

Equivalent rigid body
observer gain 3958/s 2827/s

Vibration Suppression loop
lowpass filter cutoff frequency 630 Hz 450 Hz

Vibration Suppression loop
highpass filter cutoff frequency 15.5 Hz 15.4 Hz

Vibration Suppression
loop gain 3.0 -2.0

Fig. 9. Vibration suppression result of semi-closed sys-
tem

controlled only with the motor encoder.
We observed the vibration waveform by increasing the ve-

locity loop gain until vibration occurs. And we applied the
proposed method and confirmed whether vibration was re-
duced. Table 1 shows the parameters during the experiment.
Figure 9 shows the experimental results of the vibration sup-
pression effect of the semi-closed system. When vibration
suppression control is not applied, the vibration oscillates at
673 Hz, whereas applying the proposed method suppresses

Fig. 10. Loop transfer characteristic of semi-closed sys-
tem

Fig. 11. Loop transfer characteristic of semi-closed sys-
tem

the vibration.
In order to confirm the stability of the velocity loop, the

Nyquist diagram is shown in Fig. 11, before and after ap-
plying the proposed method. Figure 11 was measured us-
ing a commercially available FFT analyzer. Before applying
the proposed method, instability of the controller is shown,
whereas stability is clearly improved after the application.
At this time, the open loop frequency characteristics of the
velocity changed before and after the applying the proposed
method as shown in Fig. 10, and the Q factor of the resonance
decreased from 52.8 to 9.0. In other words, by converting this
to damping coefficient, it increased from 0.0095 to 0.0556.
5.2 Vibration Suppression Effect of Full-closed Sys-

tem In the full-closed systems, velocity feedback is per-
formed using the external encoder. We observed the vibration
waveform by increasing the velocity loop gain until vibration
occurs, similar to the semi-closed system. Next, we applied
the proposed method and confirmed whether vibration was
reduced. Table 1 shows the parameters during the experi-
ment. Figure 12 shows the experiment result of the vibration
suppression effect of the full-closed system. When vibration
suppression control is not applied, the vibration oscillates at
581 Hz, whereas applying the proposed method suppresses
the vibration.

In order to confirm the stability of the velocity loop, the
Nyquist diagram in Fig. 14 shows the loop transfer character-
istic before and after applying the proposed method. Fig-
ure 14 was measured using a commercially available FFT
analyzer. Before applying the proposed method, instability of
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Fig. 12. Vibration suppression result of full-closed sys-
tem

Fig. 13. Full-closed system loop transfer characteristic

Fig. 14. Full-closed system loop transfer characteristic

the controller is shown, whereas stability is clearly improved
after the application. At this time, the frequency character-
istics of the velocity open loop changed before and after the
application of the proposed method as shown in Fig. 13, and
the Q factor of the resonance decreased from 32.9 to 11.4.
In other words, by converting this to damping coefficient, it
increased from 0.0152 to 0.0439.

6. Conclusion

In this paper, it is theoretically clarified that mechanical
resonance characteristics can be damped in both semi-closed
system and full-closed system by vibration suppression con-
trol based on the concept of “equivalent rigid body”. We
also confirmed that the effects can be obtained by switching
semi/full-closed control with the same experimental equip-
ment. Also, in the proposed method, only the total moment of
inertia of the controlled object and the gain Kd are necessary
for the vibration control. This can greatly reduce the steps
to identify the parameter of the controlled object, compared

to the damping control by an observer which has a nominal
model of a general mechanical resonance system.
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